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MHoKecTBa vs. aarebpa normkm

YacTo paccMaTpuBarOT KJIACCHYECKYIO TPOTIO3UINOHATIBHYIO JIOTHKY W TEOPHIO MHOXKECTB Kak
JIBE peanu3anuu OyJeBoW anreOphl, OTOXIECTBISAA OOBEANHEHNE MHOXKECTB C JIOTHYECKHUM HJIH, a
repecedeHre MHOKECTB C JIOTHYeCKHM M. HOo 3TO He BIIOJNIHE COOTBETCTBYET JIOTUYECKON CTPYKTYpe
TEOpUU MHOXKeCTB. Hampumep, BCsIkoe MHOKECTBO MOXKHO CUUTATh O0BEINHEHHUEM OJTHODIEMEHTHBIX
MHOJKECTB, HO TaKas TPAKTOBKA JIOMTyCKAET pa3Hble MHTEPIPETAIIHH:

o nepeuucnenue (CUIbHOE O0BEANHEHUE): MBI PACCMATPHBAEM MHOXECTBO KaK JJIEMEHT & M
JJIEMEHT D M 3JIeMEHT C M ... — 3TO0 CHMYyJbTaHHAs HMHTEPIPETANUS MHOXKECTBA Kak
AKMyansbHo 1eIO0T0;

® ucuepnanue (cnaboe OOBEAMHEHHE). MHOXKECTBO IPEACTABISICTCS KaK 3JIEMEHT a HJIH
aNieMeHT D WM 3JMeMEeHT C WM ... — Takas HMHTepIpeTanus MOA4epPKUBACT HICIO
HOMeHYUanbHOU TeTOCTHOCTH, TIPEAIoNIaraeT, Tak CKas3aTb, «30HIMPOBAHHE» MHOXKECTBA
CITy9aliHBIM BEIOOPOM TOTO HJTM HHOTO 3JIEMEHTA.

C Apyr on CTOPOHBI, MNCPECUUCICHUC AJITOPUTMHUYHO, IMOCKOJBKY HNPCAIOJIaracTtcsa, 4ToO MHOXKECTBO
MOXXHO nocmpoums U3 3JICMCHTOB,; HAIIPpOTUB, TCXHHKA HMCUCPIIAHHSA CChIIACTCA HA KAYCCTBCHHYIO
OIpPEACICHHOCTL MHOXKECTBA, HA HCKUC CBOMCTBaA 3JICMCHTOB, KOTOPBIC ACIAI0OT UX YaCThIO LCJIOTO. Cp

® KOHBEHYUOHANbHAS Kamez2opuzayus. 0yaeM coOupaTeIbHO FOBOPUTH MPO r-Ha VIBaHOBa U U T-
Ky IBaHOBY Kak 0 ceMbe [1BaHOBBIX;
® uLIIOCMpAayUs. OBOIIU — 3TO... TM... MOPKOBB, OTypel], IyK, U BCAKOE TAaKOE.

AHaNIOTUYHO, IBA METOJ1a OTIPEICTICHIIS:

o xoncmpyxkmueroe (SBHOE). YMCIIOBBIC THITBI JAHHBIX BKIIFOYAIOT [IEJIOE, BEIIECTBEHHOE, ATy
U BpeMs;
® ¢ynkyuonarbHoe (HESIBHOE): HA30BEM BCE BEIIECTBEHHbIC Ynciia X < 0 oTpHIIaTeIbHBIMU.

8 sneaps 2000

O'rpuu,a'ren bHbleé MHOXeCTBa

dyHIaMeHTaJIbHBIE MaTeMaTHYecKhe OOBeKTHl — O3TO BCerga aOCTpakius MIMPOKO
pacIpoCTpaHEeHHBIX CIIOCOO0B JesATenbHOCTH. Llenbie uncima BOCXOMAT K MPOIeAype MHOTOKPATHOTO
nepecyera, Korja pe3ylbTaT HE 3aBUCUT OT MOpsika nepedopa. HampoTuB, oTpumarensHble dncia
BEIP2KAIOT HJIEI0 HEBO3MOXXHOCTH COCUWTATh, HEJOCTATOYHOCTH, NONTa (a MpaBHIIO 3HAKOB MPH
YMHOXEHHH HAIIPAMYIO CBS3aHO C 00BIYaeM MOTalleH s M B3anMo3auera qoaroB). [lotom, korma obmas
uaes copMHUpPOBANIACh, MOXKHO CTPOUTH (POpManbHBIE MOJAEIN — BO3HUKAET TEOPHs 4YHCEN, C ee
HETPUBUATHHBIMUA TEOPEMAMH.
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Wness MHOXecTBa — 93TO0 a0CTpakuus BKIIOYEHHUS OObeKkTa B AeATeNbHOCTb. Korma Mmbl
NpUCTyNaeM K paboTe, MbI IEPBLIM JEJI0M CMOTPHM, YTO JUISI TOTO MOXKET MPUTOAUTHCS, U YTO MOXKET
noMeiats. Bee, uTo momagaercst HaM Ha I71a3a, Mbl OLICHUBAEM C 3TON TOUKH 3peHUsl. Pedub naet uMeHHO
0 KayeCcTBEHHOH OIICHKE: €ClIi TOIUTCS — Oy/IeM MMETh B BHIY; €CJIM TIOJIE3HOCTh HE OYEBHIHA —
3a0piBaeM M Oojblie He paccmarpuBaeM. DOpManbHO TOBOPAT O NPHUHAJICKHOCTH 3JIEMEHTA
MHOECTBY, IOApa3yMeBasi BO3MOKHOCTh KOHCTPYKTUBHO 3TO MPOBEPUTH. MHOXECTBO — 3TO TO, YTO
€My IPHUHAAJICKHUT, & BCE OCTAIBHOE K HEMY IPOCTO HE OTHOCUTCA. IpYyrMMH CJIOBaMH, XOpPOIIO
OIIpEIeNICHO JIMLIb CBOMCTBO IPUHAICKHOCTH, TOTJa KaK HEIPHHAAJIEKHOCTh €CTh HEUTO COBEPILIECHHO
HeonpeIeJIeHHOE (IPOCTO MOTOMY, YTO MBI HE MOKEM 3HATh BCE, YTO UIMEETCS B 3TOM MHUPE, U UTO eIle
B HeM nosiBUTCsA ). OTHAKO €U ACATEIbHOCTh IPEACTABISIET cOOO0M YacTh (3Tam) Ipyrou AesTeIbHOCTH,
OXBaTHIBAIOLICH 0ojiee MUPOKUI KPYr OOBEKTOB, CBOWCTBO HEMPHHAAJICKHOCTH MOYKHO TIOHUMATh B
Y3KOM CMBICII€, KaK [IPUHAIEKHOCTD JOIIOJIHEHHIO MHOXKECTBA. DTO YK€ BIIOJIHE IIPOBEPsieMbIi (PaKT.

BooOuie roBopsi, BO3MOXKHBI CKOJIb YTOJHO CJIOXKHBIE HEPapXUUECKUe CTPYKTYPbl — U 3TO
OTpakaeT pa3HOOOpas3ne 4eI0BEYECKON JeATeNbHOCTH. HempuHaaae:KHOCTh TIO-Pa3sHOMY OTpeesieHa
B Pa3HBIX KOHTEKCTax. B Ka)I0M KOHKPETHOM Cllyyae OHA COOTHOCHUTCS ¢ IPUHAJIC)KHOCTHIO YEMY-TO
Jpyromy. MaTeMaTHKH [IPEAIOYUTAIOT OTPAaHUYHUBATHCS JIUIIb YeM-TO KOHCTPYKTUBHO ONpPENeIUMBIM
(«yHHBEpCYMOM») U HE 00CY>XIaTh TO, YTO JIEKUT BHE 3TOH KOHCTPYKIUHU. DTO BIOJIHE OTBEYAET TOMY
€CTECTBEHHOMY OOCTOSTEIBCTBY, YTO MBI BCETZIa pad0TaeM € TE€M, YTO €CTh, YTO HATUYECTBYET B HAIIEM
OKpPY’KEHHH | (XOTs ObI B IPUHIINIIE) TOCTYITHO.

OpHaKo MO >KU3HHU, MOMHMO OOBEKTOB, NPUTOAHBIX AJSl TEKYILEH NesSTeIbHOCTH, MBI 4acTO
CTaJIKUBAeMCsl C 00BEKTaMH, KOTOPBIE C Hell HECOBMECTHUMEI, THOO MpakTHYeCKH HeAoCcTyNHEL. C TeMm,
YTO €CTh — HO HE MOXKET OBITh HCITOJIB30BaHO («3aIlpemieHo»). Takue 00beKTh HEOOXOINMO CBSI3aHbI
C IeSITeTBHOCTHIO, OHHM TOXE MPUHAIEKAT € — HO «OTPULATEIBHBIMY» 00pa3oM. DTO HE DIEMEHTEHL, a
ObIpKU, yKa3aHUA Ha TO, YTO CIEeLyeT UCKIIOUNTh U3 PACCMOTPEHHSL.

TepMuH 3aMMCTBOBaH U3 (PU3HKH, TlI€ JIEKTPOHBI U ABIPKH YCIELIHO COCYLIECTBYIOT B TEOPUHU
aToma, B (PM3HKE MOIYTIPOBOJIHUKOB M BO MHOTHX JPYTHX MPAKTUIECKH BAXKHBIX 00acTsx. HekoTopbM
00pa3oM, MO3UTPOH €CTh MPOCTO JBIPKA B BaKyyMe, BO3HHKILIAS IPU BBUIETE SJIEKTPOHA (M MOTOMY
9NEKTPOHBI C IO3UTPOHAMH POXKAAIOTCS TOIBKO Mapamu). OKa3bIBaeTCs, UTO MPEACTABICHUE O JBIPKax
BeZET K (IPAaKTUYECKH) HHTEPECHON MaTeMaTUKE MHOKECTB.

[TockonbKy MBI YK€ 3HAEM, YTO JIOTOJNHEHHWE HMIPACT B TCOPUU MHOXKECTB POJIb BBIYMTAHHS,
MOXHO (POPMAIEHO OIPEJEUTh OTPHUIIATEIbHOE MHOXKECTBO KaK JIOTIOJIHEHHE OOBIYHOTO MHOXKECTBA
JI0O TIYCTOTO MHOXKECTBA, KaK BBIYHTaHHME U3 «HYJs». CylIecTBOBaHUE TAKOTO JOMOTHEHUS MPOCTO
nocrynupyercs. Mbl 3amuchiBaeM 310 kKak (—)A=J\A. 3HaKk MHHYC B3AT B CKOOKH, YTOOBI

MOYEPKHYTh €r0 OMepaTOpHyIO CYITHOCTh. [lo ompemeneHuto, Kaxablid 3JEMEHT OTPUIATCIHLHOTO
MHOJKECTBA €CTh JIbIpKa Ha MECTE COOTBETCTBYIOMIETO (B OOBEKTHOM CMBICIIE) dJIEMEHTa MCXOIHOTO
mHO)kecTBa. OueBumHo, AU(-)A=. To ecth, Oyay4d OJHOBPEMEHHO BKJIIOYEHHBIMH B

JeSITENIbHOCTD, 3JIEMEHT U JbIPKa «aHHUTHIMPYIOT», U Y HaC HET HHU NPHHA/ICKHOCTH, HH 3alperTa.
CuMMeTpr4YHBIM 00pa3oM, MOkKHO mookuTh A=\ (=)A= (-)(—)A. Tak Mbl HUKCHPYEM JIOTHKY

TEOPHH; BOOOIIIEC TOBOPS, I KAKMX-TO NEATCILHOCTEH ATO MOXKET OBITh HE TaK.

OpnHako, B OTIMYME OT YHCET, MHOXKECTBA HE YHOPSAOYEHBI JIMHEWHO, W MOTOMY, HapsIy C
MOJIOKUTENLHBIMA U OTPUIATEITLHBIMU MHOXECTBAMH, MOTYT CYIIIECTBOBATH IIPOU3BOJIBHBIE HAOOPHI
AJIEMEHTOB W JIBIPOK, KOTOPBIE MBI IPOJOJKAEM COOMPATENIbHO WMEHOBATh MHOXECTBAMHU (HJIH
KJIaCCaMH, €CIH KOMY-TO Ooibllle 3TO HpaBUTCs). [IOHATHO, YTO B OO0IIEM Cllydae MHOXKECTBO
pacrnagaeTcs Ha «IOJIOKHUTEIBHYIO» U «OTPULIATEIbHYI0» KOMIIOHEHTHI:

A=A VA,

rne Ap u An — oObprgHBIE MHOXKecTBa (6e3 ApIpok). B wacTHOCTH, OHM MOTYT OBITH TycThL llpm
00bETMHEHHUH MHOXECTB COOTBETCTBYOIIHE JIEMEHTBI U JIBIPKH aHHUTHITHPYIOT:

AUB=(AUB), U(-)(AUB),,
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rae
(AUB),=A\(A,nB)UB,\(B,nA,)
(AuB), =An\(Antp)uBn\(BnmAp)

HerpuBuanbpHas MaTeMaTHKa BOSHHUKAET TaM, IJI€ MbI TIEPEXOIUM OT CIIOKEHUS K YMHOKEHHIO — OT
00beIMHEHHS K MIEPECEUCHHI0 MHOKECTB. UTO BBIYHCIIATH TaKMe BBIPAKEHHsT (POPMATLHO, MbI BBOHM
ob6ergaoe  mpasmiao 3HakoB: (+)(+) > (), ) ->H), HE-—->E), ((H)H#)—> (). HdsoitHoe
OTpPHUIAHKE yXKE YIIOMUHATIOCH; TI0 CMBICITY: OTCYTCTBHUE OTCYTCTBHS €CTh MPUCYTCTBHE. TOYHO TaK *Ke
OCMBICJIEHHBI TIpaBWjia IS CMEIIAHHBIX 3HAKOB: YTO IMPHCYTCTBHE OTCYTCTBHUS, YTO OTCYTCTBHE
HPUCYTCTBHS MBI IOHMMaeM Kak OTCyTCTBUE. ONSTh Ke, B JAEATEIBHOCTH 3TO HE BCET/Ia TaK — HO BO
MHOTHX MPAKTHYECKH BAXKHBIX CUTYaLUsX OnpaBbiBaercs. Torua, 04eBHIHO,

ANB=(A, U()A)N (B, U (-)B,)=((A,nB,) V(A NB)) V(A NB,) U (A, NB,))
YacTHBIi cirydail — «aHTUMHOXECTBOY» NMPOU3BOJIBLHOTO MHOKECTBA!
OA=D\A=()A VA=A VA,

C KOMYECTBEHHOI CTOPOHBI OOBIYHBIE MHOYKECTBA XapPaKTEPU3YIOTCS KOJTMIECTBOM JJIEMEHTOB,
MIPUITCHIBASI KAXKIOMY 3JIeMeHTY Bkiaa +1. OTpHiiaTenbHbIe MHOXKECTBA, OYEBHIHO, XapPaKTEPUIYIOTCS
KOJIMYECTBOM JIBIPOK — HO KaXKzas JbIpKa JaeT BKJIAJ —l, TaKk YTO MOIIHOCTh OTPHUIATEIEHOTO
MHOJKECTBA OTPHIIATENbHA. J[J11 TPOU3BOIIEHOTO MHOXKECTBA HAJI0 CyMMHPOBATh BKJIAJIbI SJIEMEHTOB U
JBIPOK, U BO3MOXKHBI Pa3HbIe KOMOUHAIUH.

B nmpuiokeHusX ABIPKA MOTYT OBITH OJHOH M3 BO3MOXKHBIX ()OpPMaTHU3allui HICH MOTPEOHOCTH.
W 3T0 mpakTUYecKH BaXXHO IJIsl TaKUX HAayK Kak ICHXOJIOTHS WM 3KOHOMHKAa. C Ipyroi CTOpOHBI,
namMaTys o0 TOM, 4TO B (1)H3I/IK€ AHHUT WA COITPOBOXKAACTCA BOSHUKHOBCHUCM APYTrUX 4aCTUILl, MOXKXHO
Pa3BUTh B€ECbMa HETPUBUAJIBHBIC TCOPHUU ACATCIIBHOCTH. 3aMeTI/IM, 4TO B OOBIYHOM TCOPUHU MHOXKECTB
IMOHATHUEC DJICMEHTA OCTACTCA ITOKAa HCONPEACIICHHBIM, 1 YEM 3TO OTJIMYACTCA OT MHOKECTBA — 0O0JIBIION
BOIIPOC. TpaI[I/II_II/IOHHO CUHUTAIOT, YTO HUYCM. U Ttem caMpIM OrpaHU4YnBarOT ce6;1, CBOSIT BCE€ K OUCHb
Y3KOMY JHana3oHy BO3MOXHBIX Teopud. Ho MOXHO BHIETh, YTO IOOOH OOBEKT KaK DJIEMEHT
MHOJKeCTBa (Ki1acca) ecTh, IO CYTH Jiella, KIIacC BCEX MHOXKECTB, KOTOPBIM OH MPHUHA/IIEKUT; HAITPOTHUB,
B Ka4eCTBE JBIPKU OOBEKT €CTh KJIACC MHOXKECTB, KOTOPHIM OH HE ITPHHAJICHKHT.

Jlto6o# MaTeMaTHK CMOXKET yKa3aTh anrebpandecKkue CTPYKTYpPbI, KOTOPBIM 3TO HU30MOP(HO, U
JIeNIaTh JIaJieKo MIyIue BbIBONbL. Hac mHTEepecyeT He (opMainbHas CTOPOHA, a MHTYHUTHBHO SICHOE
MPEJICTABJICHUE O Ka4eCTBEHHO OIPEJICIICHHOM MaTeMaTU4ecKoM oObekTe. OJMH MaTeMaTHYeCKUi
OOBEKT HE CBOJUTCS K JPYroMY, JaXKe €CJIH OHU B YEM-TO TIOX0XH. MaTeMaTHYECKyIO JIOTUKY MOXKHO
BBIBOJIUTh M3 TEOPUU MHOXKECTB WJIM HAO0OPOT — OT 3TOr0 OHU HE MOTEPSIOT CBOEOOpa3usl.
BeIIIeCTBeHHI)Ie qucjia MOXHO MOACIUPOBATE CXOOAIMMUCA MOCICAOBATCIBHOCTAMNU — HO OHH HE
nepecTaroT OBITh 0cOOBIM 00BeKkTOM. Jlake ecimm MBI 0030BEM HMX JJIEMEHTAMHU IOJISI — O3TO JIUIIh
MOJICIIMPOBaHUE PeaTbHOTO 00BEKTa areOpandecKoi CTPYKTypol, oqHa cTOpoHa nena. [lotomy uto
BEIIECTBEHHbIE YMCIIa — HE M3 MaTeMaTHKH, a M3 MPaKTHKH. Tak jke Kak W HaTypalbHBIC YHCIA, U
KOMIUTIEKCHBIE YUCIIa, I TeOMETpUYecKie (pOpMBI, I MHOKECTBA.

U BoT, Temeps y Hac ecTh OTpHUIlAaTeNbHBIE MHOXKECTBA. MAsl mambiie 1mo 3TOMy MyTH, MOXHO
IIOCTPOUTH M KOMILIEKCHBIE MHOXECTBA, M MPOCTPAHCTBA JII000# pa3zmepHocTH... Ho 00 3TOM Kak-
HUOYIb B IPYTOH pas.

Odexabps 1984

HeuyeTKMe MHOKeCTBa U PEeNATUBUCTCKOE C/I0XKEeHUe CKOpOCTEﬁ

AkcruoMaTHUYecKHid Kapkac il epeceueHus i(a, b) u o0bequnenus U(a, b) HeyeTkUX MHOMXKECTB
331aI0T CIIEAYIONIMM 00pa3oM:
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1. rpaHMYHBIE YCTIOBHUS:
i(1,1)=1
i(0,1)=1i(1,0)=1i(0,0)=0
u(1,1)=u(,1)=u(1,0=1
u(0,0)=0

2. KOMMYTaTHBHOCTE:

i(a, b) =i(b, @)
u(a, b) = u(b, a)
3. MOHOTOHHOCTH:
ifa<a'and b <b'then i(a, b) <i(a', b") and u(a, b) <u(a', b")

4. accolUaTUBHOCTD.

i(i(a, b), c) =i(a, i(b, c))
u(u(a, b), ¢) = u(a, u(b, c))

Boo0b1e roBopsi, 00beAMHEHHS U TIEPECEUCHUS] HEUETKUX MHOXKECTB HE WAEMIOTEHTHBI. JI000H
BbIOOp 00111eT0 BUAa 00BeANHEHHS U TiepecedeHus OyAeT TaKk Wik WHaue HapyllaTh KaKHe-TO CBOICTBa
OyJIeBBIX pemIeTOK. B 4acTHOCTH, MOTYT HE BBINOJHATHCS 3aKOH HCKIFOUEHHOTO TPEThErO M 3aKOH
MIPOTHUBOPEUHSL.

Kaxk n3BecTHO, ycrmoBus 1-4 npuBOIAT K HEPaBEHCTBAM

i(a, b) <min(a, b)

max(a, b) <u(a, b),
tak 4to i(a, b) <u(a, b) ms a # b. JlononHeHne HEYETKOrO MHOXKECTBA YaIlle BCETO OMPEACISIOT KaK
c@=1-a.

MOHO MPEIIOKUTH IPUMED, TOKA3BIBAIOIINHN, YTO aKCUHOMBI 1—4 MOTYT OBITh HECOBMECTHMEI C
npasuiiamu Jle Moprana:

u(a, b) = c(i(c(a), c(b)))
i(a, b) = c(u(c(a), c(b)))

JleHCTBUTENHHO, COMOCTAaBUM  KaXIAOMY DJJEMEHTY Xi HEUYETKOTO MHO)KCCTBaAZZi i X

BEIIECTBEHHOE YNCTIO )i € (—00,+00), TaKOe, 9TO

p =50+ th(z).

Kornma y mpoGeraer 3HaueHHst OT —oo0 O +o0, 4 MOHOTOHHO Bo3pactaeT oT 0 mo 1. CxoHcTpyupyem
JIOTIOJTHEHUE A COTJIacHO 00IIEMY TTPaBHITY:

c(u(x)) =1-u(x) =1 L-th(x)) =11+ th(-x)) = u(-x).
Haxonen, onpenenym rnepecedeHue IByX HEUSTKHX MHOYKECTB Kak

1 () o (22)) = (o + 22) = %(1‘*‘ th(y, + 7(2)) =ty pty [ (L= gty — gty + 240 11,)
DTO BBIPAKEHUE YAOBIETBOPAET IPAHUYHBIM YCIOBHAM IS IIEPECEUEHHUS, OHO OYEBUIHBIM 0OPa3oM
KOMMYTaTUBHO ¥ MOHOTOHHO. IIpSMBIM BBIYMCIIEHHEM MOYKHO I0KA3aTh aCCOLMATUBHOCT!
Hi o g
U=y — py = pg + py pay + g iy + pp 413)

(1 (1) 12 (22)) 113 (13)) = 1000 (r1)s 1 (1, (22)s 143 (23)) =

Tax ompeneneHuoe i(yy, (,) HE MIEMIIOTEHTHO, XOTS MOXXHO BHAETh, YTO OHO ACUMAIMOMUYECKU
UAEMIIOTEHTHO TPH y —> 00, 4To 00ecleunBaeT NpaBUIbHBIN MEPexoa K OObIYHBIM (HE HEYETKHM)
MHOKECTBaM.

Bocnonezyemest Teneps npasuiiom Jle Moprana, 4ToObl onpenenuTh 00beANHEHHE MHOXKECTB

yepes nepeceyeHue 1 JoNoNTHeHHe:
Ut (1) 2 (22)) = (et (1)), (e, (22)))) = (i (et (= 1) 112 (= 22))) =
=c(u(=x1— 12)) = + 22) =1 (1) 142 (22))
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[TockonbKy omnpezeneHHbIe TAKUM 00pa3oM 00beAMHEHNE U IepeceueHe COBIAIA0T, 00beINHEHNE HEe
BIHCHIBAETCS B AKCHOMATHYECKUI Kapkac, 00 HapylIaloTcsl FPaHUYHbIE yCI0BUsA 1pu £y = 01 4 = 1.

U, KoHEeUHO Xe, Benu4uHa i(4y, L) HUKAaK He MOXKET OBITh MEHbIIE U(L4, f2), KaK 3TO CIIEI0BAJIO OBI U3

0a30BBIX aKCHOM. 3aMETUM, YTO MPH TAKOM BBIOOpPE MepeceueHust 1 00beANHEHHS HApYIIAeTCsl 3aKOH
UCKJIFOYEHHOTO TPEThEr0 U 3aKOH IIPOTUBOPEUHs, OO

() (=20 =3
Du3NYECKUA CMBICT 3THX OMpPECTICHUN — PESITUBUCTCKOE CIIOKEHHE cKopocTel. HacTuiam,
JIBIDKYIIUMCSL BIIEPE] CO CKOPOCTBIO CBETa, MPHITMCAHO 3HAYCHHE 4 =1, a TeM, 4TO JIBUXKYTCSA CO
CKOPOCTBIO CBETa B OOpaTHOM HampaBjieHuu, — 3HaueHue 4 = 0. Eciau orpaHu4yuThes TPU CIOKCHUH
CKOPOCTEH TOJIBKO MOJOXKHUTEIFHBIMU 3HAUCHUSIMH, OOBEIMHEHHE OTHOCHUTCS K TaK Ha3bIBAEMOMY
kiaccy ['amakepa ¢ y= 2.

1(x) =th(x, + 7,)
Ut ()i 12 (22)) = Oy + 22) =t + 22) = (g + 11,) /(A + 1 1)

Bwmecte co CTaHAAPTHBIM AOIOJHCHUEM OHO IMMOPOXKAACT CPECCCUCHUC

i(20y, 113) = pyty [ L+ (L= 1) L= 15))

YIOBIIETBOPSAIONIEE U aKCHOMaTHYECKOMY Kapkacy, npaBmiam Jle Moprana. OnHako B 3TOM cirydae
ONpe/CICHUE JIONOJHCHHUS OKa3bIBaeTCs  «(PU3NYECKM HECOBMECTHUMBIM» C  ONpEACICHHEM
00bEIMHEHUS], TOCKONBKY TaJHJICeBO NPABUIO CIOXKEHUS CKOPOCTEH HCIONB3yeTcss BMECTE C
PETSITHBUCTCKOHN (hOPMYITOH.

14 mas 1997

Jlornyeckne cMmmeTpumn U KOMNAEKCHaA NOrMKa

TpamunnoHHO anreOpandecKue TMPEACTABICHUS B MaTeMaTHYeCKON JIOTHKE MPHITHUCHIBAIOT
JIOTUYECKOMY 3HAYEHHIO MCTHHA YHCIIO 1, a JIOTHYECKOMY 3HA4YEeHHIO JIoKb — uucio 0. [Ipu sTom
KOHBIOHKIHS (A) U IU3BIOHKIUS (V) €CTECTBEHHO COOTHOCSTCS C alreOpanvecKuM YMHOKCHHEM U
CIIOXKEHHEM COOTBETCTBEHHO. KOHEUHO, Takas anreOpandeckasl CTPYKTypa OTJIMYAETCS OT OOBIYHON
apupMETHKH, HO caMa BO3MOXKHOCTb ONEPHPOBATH C YHCIAMH BMECTO OCOOBIX JIOTHYECKUX 3HAUYECHHI
MO3BOJISIET MPOSICHUTh HEKOTOPBIE acHeKThl (OPMAaIbHON JIOTMKA W TIOJCKAa3bIBA€T BapHaHTHI €€
00001IeHNS.

Ho ectb 1 Apyroit moaxos, KOTOPBIA TaKKe MOKET ObITh B YEM-TO IOJIE3EH IPH MOCTPOECHUN
0000IIeHHBIX JIOTHK. BMecTo TOro, 4ro0bl MPENCTABIATh JOTHYECKOE 3HAYCHUE JIOKb HYJIEM, MBI
MOEM COTIOCTAaBUTH eMy ducio —1. O0o3Havast JOTHIECKOEe OTPUIIAHUE 3HAKOM MUHYC, MBI JIOTHIHO
nosydaeM, 9to —1 (J103Kb) — 3TO He MCTHHA, a —(—1) paBHseTcs 1 o onpeaeIeHuro:

-(-a)=a,
rae OykBamu @, b, C, ... Mbl 06003HaUaeM Bce, YTO MOKET IPUHUMATH JIOTHYECKHE 3HAYEHHS: KOHCTAHTHI,
HEpEMEHHBIE, JIOTUUECKHE BhIpaKeHUS ((OPMYJIBI), COAEPIKAIINE KOHCTAHTBI, TIEPEMEHHBIE U IPYTHE
(GOpMyJIbI B pasHBIX KOMOHHAIMAX; KPOME TOTO, MOXKHO PacCMaTpUBATh TAKKE JIOTHYECKUE (YHKIIUU
KaK COKpAllIeHHs IS KAaKHX-TO BBIPAKEHHMH, a IMOTOM IEPEHTH K TEPEMEHHBIM (DYHKIUAM H
(GYHKIIMOHATBHBIM BBIPAKEHHSM. .. B HaIlleM KOHTEKCTE TaKasi HepapXUIHOCTh HE CYIIECTBCHHA.

BBemem Ttemepsr anrebpandeckoe ymMHOXeHHe * Tak, urooer 1*1=1 m (-1)*(-1)=1, ¢
eCTeCTBEHHBIM BhIOOpoM: (-1)*1=1%*(-1)=-1. Dta omepaumus, OYEBHUIHO, COOTBETCTBYET
JIOTHYECKO# SKBUBAJEHTHOCTH; OHA KOMMYTaTHBHA U aCCOIMATHBHA.

a*b=b*a
(@a*b)*c=a*(b*c)
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HO, B OTJIMYKE OT KOHBIOHKIIMU U TU3BIOHKIIMH, OHA HE UICMIIOTCHTHA!
a*aza
YTO, BIIPOYEM, HE BhI3BIBAECT 0COOOT0 OECIIOKOHCTBA, MOCKOJIBKY OOBIYHOE YUCIOBOE YMHOKCHUE TOXKE
UJIEMITIOTEHTHOCTBIO He cTpasaeT. OTMETHM TakkKe, YTO
—(a*b)=(-a)*b=a*(-b),

B TIPUSITHOM COOTBETCTBHHU C HAIIUMH apU(YMETHUCCKUMHU OXKHIAHUIMHU.

BeenenHoe TakuM 00pa3oM YMHOKEHHE CHMMETPHYHO B TIPOCTPAHCTBE 3HAUCHUI UCTUHHOCTH:
3amena 1 <> (—1) mpuBOJWT K TO¥ e camMoi TabiuIle HCTUHHOCTH JJIS IOTHYECKON SKBUBATICHTHOCTH.

[MomyepkHeM, 4YTO 3HAK PABEHCTBA B 3TUX M MOCIeAyOUMX (opMyiax, o0jiagas BCeMHU
CBOMCTBaMHU SKBUBAJIICHTHOCTH, MPUHAJIJICKHUT JIOTHKE HAIIIETO PacCcykIeHUs (YPOBHIO METOIOJIOTHH),
a He JIOTUKE ero mpeaMeTa. Anredpandeckiue CTPYKTYPhl 3TUX YPOBHEH MOTY pa3iHuaThCs, BIUIOTH JI0
CIOCO0OB BBEJCHHS JIOTHYECKHUX 3HAUCHUH. PAaBEHCTBO M HEPAaBEHCTBO MOTYT MCIIOJIb30BATHCS TOJIBKO
JUTSL CpaBHEHUs (OPMYJT IPEAMETHOM JJOTMKH — HO HE BHYTPH 3TUX (hopmyII.

C y4eToM Hammx OMpeeNeHUN, Mbl MOXeM (OPMAaJbHO HUCKIIOYUTH OTPHIIAHHE M3 TECOPHH,
3aMEHHB €r0 YMHOKCHUCM:

—a=(-1*a.

3TO OTKpHIBaET MHOTOOOCUIAONICE HAIIPABICHUE HCCIEAOBAHHUN, TOCKOJIBKY MBI YCTpaHIeM BechbMa
CKOJIB3KHMEC KOHICHTYaJlbHbIC MOMCHTLI, BbI3bIBABIINC 6yprIe JUCKYCCUM Ha HNPOTAKCHHUU MHOTHX
BekoB. C Jpyrodl CTOpOHBI, HEOOXOMWMOCTH BBEICHHS JIOTHUYECKOTO OTPHUIIAHWS HE OYCBHJIHA B
MHOTO3HAaYHBIX W HCUYCTKHUX JIOTHKAX; BCC, HAa 4YTO MBI MOXCT 3/I€Ch COCJIAaTbCA, — OTO CTapUHHAaAd
Tpajunus. TeM He MeHee, ATOT MOJIXO/1 He pellaeT MpodiieMy JI0 KOHIA: OJTHO U3 JIOTUYECKUX 3HAYCHUH
MOYEMY-TO OKa3bIBACTCSI MPEIOYTUTENFHEE APYTrOro — a 9TO, MO CYTH JieNa, IPOTACKUBACT B JIOTUKY
OTpHUIIaHHE HESIBHBIM 00pa3oM. B kauecTBe aabTepHATHBHI MOYKHO OBLTO OBl HE3aBHCHUMBIM 00pa3zoM
OTPEICTUTh HEAKBUBAJICHTHOCTD:

axb=—(a*b),
YTO KaK OBl BBOJUT «IOTOTHUTEIIEHOE OTPUIIAHUEN .
~a=(Q*a,

TaK 4TO B UTOT'€ MBIl MMEEM MOJHOCTHIO YPaBHOBELIEHHYIO TEOPHIO, HE TPEOYIOLIYI0 OJHOMECTHBIX
onepauuidi. BO3MOXHBIE NPUIOKEHUS TAaKOW JIOTUKM IOJYEPKUBAIOT, YTO B PEAIbHOM KHU3HU
YCTaHOBJIEHHWE AKBHBAJEHTHOCTH W IMOWCK Pa3IMYUid — 3TO O4YEHb pas3Hble (TPOTHBOIOJIOKHBIE)
JEATENBHOCTH, @ MEX]Ly HUIMH — MOpPE IPOMEXYTOUYHbIX BAPUAHTOB.

OueBnIHO, 3HAYCHN NCTHHHOCTH B HAIIe CHMMETPU30BAHHOM JIOTUKE MOTYT OBITh BBIPayKEHBI
yepes J1Be (PyHAaMEHTaIbHBIE ONEPALUH:

l=a*a
—-l=axa

i mo6oro a. OgHaKo, MOCKOJIBKY 3TH ONPEIETICHUS HESBHO COAEPKAaT KBAaHTOP, OHU NPHHAIIE)KAT
0oJiee BEICOKOMY YPOBHIO HEPapXHH, U MBI HE MIMEEM IIPaBa BCTABIIATH TAK OIPECIICHHBIE JIOTHUECKHUE
3HAYEHUs B alIreOpy JIOTUKH, €CIU HE MPUHATH CIICLMANTBHBIX MEp Ul yPaBHOBEIIMBAHUS TEOPHUH, KaK
B IpuMepe C IByMs OTpUIaHUsAMH. Hade roBops, MPOCTPAaHCTBO HMCTUHHOCTU TIJ00aJbHO IIO
OTHOULICHUIO K MPEIMETHONW 00JIACTH: B MPHUHLMUIE, MOTYT OBITh U APYrHe 3HaYCHUS MCTUHHOCTH, HO
Ka)K0€ U3 HUX MPEJACTABISAET MPEIMETHBIN YpOBEeHb LeTUKOM. OJTHAKO €ClU peub UAET O HEKOTOPBIX
YaCTHBIX YTBEP)KICHUSX OTHOCHUTENBHO MPEAMETHOH OO0JIACTH, AOMYCTHMO HCIOJNB30BaTh TaKue
OIIpeeNICHHs] JIOTHUECKNX KOHCTaHT — CO3HaBas, YTO MOJy4eHHbIC (POPMYIBI OTHOCSATCS TOJIBKO K
OOBIYHOM JIBY3HAYHOM JIOTHKE.

[TomHOCTBIO CUMMETpPHYHAS JIOTHKA MOYKET OBITh JOMOJHEHa HECHMMETPUYHBIMU ONEPAIUsIMH,
KOTOpBIE 3aBUCAT OT CTPYKTYPbI NPOCTPAHCTBA UCTUHHOCTU. MEHSS MECTaMU MCTHHY U JIOXKb, MBI
MOJIyYUM HHbIE TaOIMIBI UCTUHHOCTH AJIS TaKuX onepanuil. Camble H3BECTHBIE U3 TAKUX ONEpalui —
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KOHBIOHKIMS U JU3bIOHKIMA, KOTOPBIE CBSA3aHa APYT C APYTOM Yepe3 OTPULIAHUE:
anb=—((-a)v(-b))
avh=—((-a)(-h))

ITo OTHOILIEHUIO K ONPEAEIIEHHBIM JBYM BUIAM JIOTHYECKOTO YMHOKEHUS, KOHBIOHKIUS U JU3BIOHKIUS
MOTYT OBITh OXapaKTepHU30BaHBl KaK «aJAUTHUBHBIE». B jormke 06e3 OTpHIIaHUS OHM CTAHOBSITCA
HE3aBUCUMBIMH, TOJOOHO HE3aBHCHMMO BBEIECHHBIM SKBHBAJEHTHOCTH M HEIKBHBaJeHTHOCTH. Ho B
JIBY3HAYHOW JIOTHKE (CKPBITO IMPEAINOJAraroiieii OTpHIaHue) Mbl MOXEM CHUMMETPHYHBIM 00pa3oM
3a/1aTh UX B3aMMO3aBUCUMOCTb BBIPDAKCHHUAMH BPOJE

anb=(@@*a)x(b*h))*(((axa)*a)v (bxb)*b))
avhb=(@*a)x(b*h))*(((axa)*a) A (b xb)*b))

AnutiBHbIe (HECHUMMETPHYHBIC) OIEpallid MOTYT TOKa3aThCs Oojee (yHIaMEHTaTbHBIMU IO
CPaBHEHHUIO C 3KBHBAJICHTHOCTHIO U HEIKBHUBAJIEHTHOCTBIO, IIOCKOJIBbKY, BpPOAE Obl, HECHUMMETPUYHbIC
OIIepaliy BCETa MOYKHO CKOMIIOHOBAaTh CHMMETPUYHBIM 00pa30M, a HA000pOT — HE MOJIyUYHUTCS!

a*b=(anb)v((—a) (=b))
axb=(avb)a((—a)v(=b))

dopmau3M IBY3HAUHON JIOTHKH MOXET, TI03TOMY, OBITh TIOCTPOEH, UCXOS M3 OTPUIAHUS U OJHOM-
SIMHCTBEHHOW HECUMMETPHYHON («aImuTHUBHOM») omepammu. Ho 3Ta mpoctora oOMaHYMBa, OHA
I[EJTMKOM 3aBHUCHT OT WJIEH JIOTHYECKOTO OTPHIAHUS — YTO, M0 CYTH Jeja, KOMICHCHPYET OJHY
HECHMMETPHYHOCTh IPYToil. B KakuX-To Cllydasx OrpaHHYHBATHCS TAKOW, yPE3aHHOM JIOTHKON OBLIO
ObI HETTPABUIIBHO.

Hccnemnyst BO3MOXKHOCTB 00001IIeHU#, TToNe3H0 oOpaTuThes k Arithmetices Principia ITeano. He
NPUANPASCH MOKA K UCKYCCTBEHHOCTH €r0 TEOPETHKO-MHOKECTBEHHBIX (DOPMYIHPOBOK, MO IYEPKHEM
KpaiHe Ba)XHBII MOMEHT: HaTypaibHble 4yncia (mo IleaHo) HAUMHAIOTCS C BBIOOpA edunuywvl, a BCE
OCTa/lbHBIE HATYpaJbHBIC YHCIa MPEACTABISAIOT CO0OH OmnpefeseHHOW KOJHUYECTBO —€TUHHIIL.
CoBpeMeHHBIE MAaTEMATHKK CKJIOHHBI 00aBISATh K HATYPATLHBIM YHCIIAM €Ille U TceBa0-uuciio 0; 310
HapyIIaeT MPO3pavyHOCTh M MOCIEN0BATENBHOCTD Teopun. Mcxomno, ITeaHo BKITIOYAET B CBOM CIIMCOK
aKCHOM CBOMCTBa YHCJIOBOTO PABEHCTBA; IMOCIEIYIONIHE aBTOPHI MCKIIOYAIOT 3TH aKCHOMBI Ha TOM
OCHOBaHHWH, YTO OHH, IECKATh, CIEAYIOT M3 JIOTMKH — TEM CaMBIM IEPEMYTHIBAIOTCS COBEPIICHHO
pasHbIe BEIH, Pa3Hble YPOBHU HEPAPXHH, a 3TO HEJOITYCTUMO, TIPH BCEM KaXKYIIEMCS «H30MOP(PHU3MEY.
ApudmeTrKa HaTYpaJbHBIX YUCEI BHIBOANUTCS U3 €MHUIIBI U €IMHCTBEHHOM OJHOMECTHOW OICpaIlnH,
HHKpeMEeHTa (KOTOpPbIi ObLIO OBl MPEXICBPEMEHHO TPAKTOBATh KaK CIOXKEHHE C eauHuIei). OaHaKo
Takas WHIYKTHBHAs KOHCTPYKIIUS HE TO3BOJISIET CPa3y YBHICTh BHYTPCHHHE CHMMETPUH TEOPUU —
MMOTOMY BBOJAT JBYMECTHBIC OTICPAIUU CIIOKEHHUS W YMHOKEHHS, ¢ (hOPMaTbHBIM MPOJIOHKEHHEM B
BUJIC BBIYUTAHUS W JCJICHUS — KOTOPbIC YK€ HE OYEHb BSDKYTCSA C HATYPalIbHOCTHIO. BhlunTanue
HEU30€KHO MPUBOIUT K HUJEE OTPHUIIATENILHBIX YHCE — U BBOJMT HOJb KakK yuciio. JleneHne Beaer K
apu(MeTHKE paIMOHATBHBIX YHCEN, MNPEANOChUIKE BEIIECTBEHHBIX YHCeN. Takoe e pa3BUTHE
BO3MOXKHO W B ajredpandecku mepe@opMyTupoBaHHON joruke. OJHAKO 31eCh MBI OOpaTHMCS K
JPYTOMY BO3MOYXHOMY PacCIIUPEHHI0 — KOMITIEKCHO3HAYHOM JIOTHKE.

BCHOMHHM, 9TO POCTPAHCTBO JIOTHYECKUX 3HAYCHUH YCTPOCHO Tak, uTo (—1) * (1) = 1. MoxxHO
nonpo0oBaTh MOX0KUM 00pa30M BBECTH JIOTHIECKOE 3HAUCHHUE, IPEICTABIISIONICE COO0M «KBaAPATHBIH
KOPEHBb» M3 JIOTHYECKOTO 3HAYEHHs JO0XKb: | * i =—1. Jla, MBI HE 3HAaeM, YTO 3TO TAKOE, U KaK ITO
H3rOTOBHUTH M3 MOAPYYHBIX cpefacTB. HO MbI MOXEM IPOCTO MOCTYJIUPOBATh €ro CYIIECTBOBAHHE M
0003HaYKTh OYKBOIA i. JIOMyCTHMOCTD MOAO00HBIX KOHIIENTYaIH3AIHii TABHO yKe CTajla KpacyroJbHbIM
KaMHEM COBPEMEHHOW MaTeMaTHKU. M Bce e B Halei anreOpandecKoil JIOTHKe 3Ta MHUMAs CTAHUIIA
JIOIyCKAeT BIIOJIHE OYEBUIHYIO HHTEpIpETaIuio. JleiCTBUTENBHO, PABEHCTBO & * @ = 1 03Hayaer, 4to
BCSIKas JJOrMYeCcKasi BETMYMHA SKBUBAJIICHTHA cama cebe, — TO €CTh, YTO & = & €CTh HCTHHA (HATIOMHHUM,
YTO 3/1€Ch MMEETCS B BUIY SKBUBAJIEHTHOCTD B IIPEAMETHOMN 00aCTH, a HE JIOTHKA HAIIETO OTMCAHWS).
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Toraa paBeHCTBO | * i =—1 BBOAUT B pacCMOTPEHHE BEIMYMHY, KOTOPAs He MOICOeCmEeHHa cehe
camoti. Kakoli Obl CTpaHHOH He Ka3ajiach dTa HJesl palOHAIBHO MBICIAIIEMY YEIOBEKY, OHa OTHIOJb
HE HOBA, €¢ JaBHO yxe oOcyxmaer ¢unocodus (mpexae BCEro rerejieBCkas U Mapkcusm). Takum
oOpa3oM, Haia ajnreOpanyeckas GOPMYJTUPOBKA JIOTMKH ¢ KOMIUIEKCHBIMHM 3HAYCHHUSIMH UCTHHHOCTH
MOXET CTaTh MOAXOMSIIMM HWCXOJHBIM IyHKTOM JJIsi TPUMUPEHUS HaydyHOH u driocodcekoit
METO/IOJIOTHH.

B 3TO# pacmupeHHO# TOTHKe 3HAYEHUS] HCTUHHOCTH MOTYT UMETh KakK BEIECTBEHHYIO, TaK U
MHUMYIO 4acTH. B 3aBHCHMOCTH OT BBIOOpa «aJIUTUBHBIX» ONEpaIyii, Mbl TIOJyYUM Pa3HbIC NpaBUia
MaHUNYJIUPOBAaHHUS KOMIUICKCHBIMU 3HAYCHUSMU UCTUHHOCTH. B 00IIeM ciydae 3TH npaBuia OyayT
ropaszio CliokKHee 0OBIYHON KOMIUIEKCHOH apu(METHKH. DTO HE OTMEHSIET COOTBETCTBHE KaK TaKOBOE.
B wactHOCTH, TpamuiMOHHAas WHTepHpeTanus (a3bl Kak yria MOBOPOTa BEKTOpPa B KOMIUICKCHOM
TUIOCKOCTH Cpa3y K€ CONOCTaBHMO C HWHTEpIIpeTaluedl JIOTHYECKOro OTPHULAHMSA Kak oOpalieHus
BCKTOpaA. TyT K€ MOABIACTCA BO3MOXHOCTL PaA3JIMUYUTHL IMOBOPOTHI U 3C€PKAJIBHBIC OTPAXKCHUA — C
TOHKHMU PA3JINYNAMU B JIOTUKE.

HpI/IC}’TCTBI/Ie «(1)a301351x» KOMITIOHCHT B JIOTHYCCKUX BEIIMYUHAX OTKPBIBA€CT HOBBIC I'OPU30OHTHI
JUTsE KBAHTOBOM JIOTMKH, TIOCKOJIbKY «HaOJIrogaeMasy pPaldOHaIbHOCTh CBS3aHA C BEIICCTBCHHBIMH
YHCIIaMH, 2 BHYTPEHHUE, 3aBUCSINUE OT (a3bl KOMIIOHEHTHI MBIIUICHUS] OCTAIOTCS B TEHU. YYeT TaKHX
CKPBITBIX JIOTHYECKHX COCTOSHUI BIIOJIHE AHAJIOTHYEH IEepexXoJy B MEXaHHKE OT MOJOXKEHUS W
HUMITyJIbCa KJIACCHYECKOM YACTHIBI K BUPTYAbHOMY JBHKECHUIO BO BHYTPEHHEM KOH(DUTYPAIHOHHOM
MPOCTPAHCTBE, KOTOPOE HECOMOCTABUMO HAMPSIMYIO ¢ HAOIIOJaeMbIMU BETMYNHAMH.

IMogsenem wutorn. CuMMeTpH30BaHHas anreOpaunueckas (OPMYIHPOBKA MAaTEMATHUECKON
JIOTUKU JOCTAaTOYHO NMPUBJICKATENIbHA, YTOOBI 3aHITHCS HCCIICIOBAaHHEM €€ BO3MOXKHBIX 00OOIICHUH,
BKIIOYash MHOTO3HAYHbBIC, pallMOHAIBHBIC, HEUETKHE U KOMIUIGKCHbIE JIOTUKUA. (OCOOCHHO
00HAJIC)KUBAET, YTO, C OJHON CTOPOHBI, 3Ta MAaTEMaTHKa HE TPEOYET PEBOJIIOIIMOHHBIX M3MEHEHUN H
HOBBIX MIapajgurMm, a € prrOﬁ, HOBBIC MOHATHUA OCTAIOTCA MHTYUTHBHO SACHBIMH U JOCTYIIHBIMU OAXK€
TEM, KTO HE 0J100pseT HArpOMOXKJICHHUS (POPMATTMCTUUECKUX XUTpOCIUieTeHud. Mepapxuu Toruku eme
XBaTacT HaHpaBJIeHI/Iﬁ HETPUBUAJIBHOT'O pa3sBUTHA.

Hos6pb 2003

TouKku 1 npegensl

TpaZ[I/I]_[I/IOHHO, HU3TOTOBJICHUC METPUUCCKOI'O IMPOCTPAHCTBA S BBITJIIIUT IPUMEPHO TAK: UMECTCA
HEKOTOPOE MHOXKECTBO B (koTopoe B nampHEHTIIEM Oy 1eM 71 KpaTKOCTH UIMEHOBATh 0a301; TIOCKOIBKY
O TOTIOJIOTHH MbI HE TOBOPHUM, ITyTAHHIBl HE BO3HHUKAET), © MBI YMEEM 01 006X TBYX TOYEK X U Y
3TOr0 MHOXKECTBA HalTH HEKOTOpOe (BEIECTBEHHOE) YUCIO p, KOTOPOE HA3BIBACTCS PACCTOSHHUEM
MEXy TOUKAMH MPH yCIOBUH, UTO:

(1) p(x, y) = 0 Toraa, u TOIBKO TOT/IA, KOTAA X =Y

(2) p(x, y) = p(y, X)

3) p(x, y) <p(x, 2) + p(x, 2)
311ech TOXKE MPEAIOIIAraeTCss KBAHTOP «JUIS JIFOOBIX» (HaJ[ CMBICIIOM M OCYIIIECTBUMOCTBIO KOTOPOTO MBI
MoKa He 3aJiyMbiBaeMcs). BTopas akcmoma, o CyTH Jiena, FOBOPHT, YTO METPUKA CTh (YHKIIHS HE
YHOPSIOUCHHOM Naphl, @ OOMHONCECMEA: TIOPSIIOK JIEMEHTOB HE UTPAST POJIU. DTO Cpa3y HABOJUT Ha
MBICJIb, YTO METPHKA €CTh JIMIIb OJHA W3 PA3HOBUIHOCTEH MEPHI: MO/ PACCTOSHUEM MEXKIY TOUKAMH
CKPBIBACTCS pa3Mep TOTO, YTO JICKHUT MEXKIY HUMHU (UIMHA WK MPOOJDKUTEIBHOCTh myTH). Ho 3T0,
OMSATH-TAKH, TeMa JUIs 0C000ro paccMoTpeHus. [locienHee CBOMCTBO Ha3bIBACTCS IPABHIOM
TPEYrojbHHKA, UMEHHO €ro 4aile BCEro MOAM(PHUIMPYIOT B aJbTCPHATHBHBIX TCOPHSIX METPHKH
(HanpuMmep, I yIbTpaMETPHISCKUX TIPOCTPAHCTB).

dopmManbHas MaTeMaTHKa UCXOTUT U3 TOTO, YTO OMPEAEISITh MOXKHO YTO YIOJHO U KaK YTOJHO.

OCMBICIICHHOCTH HUKTO He TpeOyeT. PazymeeTcs, Ha caMoM Jiesie OnpeieieHus] BBOIATCS He OT poHaps,
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a Tak, 9T00bl B KOHEYHOM UTOTE MOJYYUTH TO, YTO XOUETC. A UTO XOUETCs] — OIpeeNsieT IPaKTHKa.
[ToaTomy monHO# OeccMmbIciuilbl HUKOTAA HeT. Ho 0OBIYHOMY 4esioBeKy OBIBAaeT TPYJIHO MPOOUTHCS
Yyepe3 MaTeMaTndeckue J1e0py valie BCero IMoTOMY, YTO CMBICIIA ITPOUCXOISIIETO OH HE yCMaTPUBAET,
MOCKOJIbKY MaTeMaTHKHA OOBIYHO HE CKJIOHHBI SIBHBIM 00pa30M M3JIOKUTH MOTHBEI, a Jake HA000POT,
BCSTUECKHU OTKPEIIMBAIOTCS OT IPAKTUYECKOTO HHTEpeca. 3/1eCh Mbl TIONPOOyeM 00paTUTh BHUMAaHUE Ha
TO, 4TO OOBIYHO OCTAETCS B TEHU.

Crenyroumuii 3Tarn METPUUECKOI'0 CTPOUTENILCTBA — IOCJIEN0BATENLHOCTH TOUEK MHOXKECTBa B.
dopmanbHO, 3TO 0TOOpaKEHNE MHOXKECTBA HATYPaJIbHBIX YHCEN B 0a3y METPUYECKOro MPOCTPAHCTBA.
OpHAaKO MO CMBICITY pedb UIET O HEKOTOPOM aJIrOpPUTME, ITO3BOJISIIOIIEM BEIOUPATh 1O KaKOMY-HHOY b
NPUHIMITY OAHY TOYKY 0a3bl 3a Apyroi; COOCTBEHHO, 3TOT NPHHLMI (COBMECTHO C YyKa3aHHUEM
HAYaJIbHOTO JJIEMEHTAa) M Ha3bIBAeTCSl IOCIEAOBATEIbHOCTRIO. Ecny HeT Takod HampaBlIeHHOCTH,
YIOPAJOYCHHUS,, — 3TO YXKE HE IMOCIEIOBATEIFHOCTh, @ OOBIKHOBEHHOE MHOXKECTBO. MOKHO JIeTKO
3aMEeTHUTh, UTO CaMO OTpe/IeTIeHHe HaTypalbHbIX YUCEN BBITJISAUT UMEHHO TaK: JOCTHUIIIM HEKOTOPOTO
HOMeEpa — MOKHO Ha3HA4YMTh clenyromuid. Onepanun Haja 4uciaMu (apuMeTnKa) IPUBHECEHBI B ATy
MOCTIEIOBATENIFHOCTh M3BHE: 3TO JIMIIb OJUH W3 BO3MOXKHBIX CIIOCOOOB OTOXIECTBJICHHS DPa3HBIX
roAnocaeaoBarensHocTeit. Ho 00 3TOM ToKe B IpyTroit pas.

A TIOKa y Hac ecCTh IIOCJIIOBATEIBHOCTH TOYEK 0a3bl, KOTOPbIE TPAAUIMOHHO 0003HAYArOTCA
MHJEKCUPOBAHHBIMH OyKBaMH THIA X, , Ipu N =1, 2, ... (MHOrIa CUMTATh HAYMHAIOT C HYJS, WIH C

KaKoOT0-TO HEHYJICBOTO MHIEKca). [1ocie0BaTeIbHOCTH OBIBAIOT OYEHD Pa3HBIC, MPUYEM DIICMEHTHI C
pasHBIMH HMHIEKCAMH 3allPOCTO MOTYT COBIaAaTh. B 4acTHOCTH, BCS IMOCIIENOBATEIBLHOCTH MOKET
BOCIIPOM3BOJIMTH OJIHY-EINHCTBEHHYIO TOUKy. B Goiiee o0mieM ciiydae — MOCIEI0BATEIBHOCTD C
«CaMoIepPEeCEYEHUAMMY, ¢ MHOTOYHUCICHHBIMHU METIIMH. YacTHBIH cilydail 3TOro obIero ciaydas —
HIEPUOINYECKUE TOCIIEIOBATEIBHOCTH (3aMKHYTBIE Tpaekropuu). HakoHer, MOCIe10BaTeIbHOCTH
MOTYT OBITh TIPOCTO CIIYYallHBIMH — ¥ 3TO €Il OJWH IMOBOJ] HE CYUTATh MOCIEIOBATEIBHOCTH TOUEK
0a3sbl 3apaHee CYIIECTBYIONIMMH: BOOOIIE FOBOPS, MX HAJI0 KaXKIbIH pa3 YECTHO BBIYUCIIATH, M HE (aKT,
YTO PE3YJILTAT OKAKETCH TEM JKE CAMbIM.

ITOCKOIBKY MBI HMHTEPECYEMCS PACCTOSHUSAMH, MOXHO C XOAy MPEIOKHUTh JiBa CIocoda
IIPEBPATUTH IMMOCJIIEAOBATCIILHOCTD TOYCK 633[)1 (KOTOpI)IC MOTyT 6I)ITI) JOBOJIBHO CJIOKHBIMH O6'I)CKTaMI/I,
MPUYEM HE BCErJa MaTeMaTHYSCKUMHU) B TIOCJICIOBATEIBHOCTh YUCE (ITPO KOTOPBIE MbI, BPOJIe ObI, BCE
3HaCM). HepBLIﬁ BAapHUAaHT — BBIYHUCIIATE PACCTOAHUA MCKAY TOUKaMMU MOCJICIOBATCIbHOCTU!
Pin(N; M) = p(Xp4my Xp) - BTOpO# BapraHT — 3aMKCHPOBATH HEKOTOPYIO TOYKY 0a3bl W OHPENEINATH

PAcCTOSHHUS JI0 Hee UL KaXIOTO JIEMEHTa IIOCIEeOBATEIbHOCTH: Py ,(N) = p(X,, Xo) . OO03HauCHMS

MOTYEPKUBAIOT Pa3HYIO MPUPOY STHX BEITHMYWH: BHYTPEHHS M BHEIIHsS CTpyKTypa. [lepBas xoporro
3HaKOMa HaM M3 CTATUCTHKH: 3TO CBOETO poja aBTokoppesius. [TomHpiii Habop Takux QyHKIui (pu
BCEBO3MOJXKHBIX M) JOCTATOYHO XOPOIIO XapaKTEPU3yeT MOCIEA0BATEIBHOCTh KaK CaAMOCTOSTEIbHBIN
00BbeKT. BTOpas BO3MOXHOCTh — OUYEBUIHAS PEMUHHCLICHIIMS 13 BEKTOPHOTO aHajM3a: Kax/ias TOuKa
0a3bl MPEACTABISIETCS €€ PAIUyC-BEKTOPOM, a €CITH BBIOPATh HECKOJBKO OMOPHBIX TOYEK (TpedyeMoe
KOJIMYECTBO 3aBHCUT, B YaCTHOCTH, OT Croco0a apudmerusanmu 0asbl), TO MBI MOXEM 3a/1aTh U
HampasieHne. Korma Takie BHEITHIE OTIOPHBIE TOYKH 00pa3ylOT HEKOTOPYIO TOCIEA0BATEILHOCTD, MBI
MPUXOINM K «CHUHTE3y» BHEITHEH M BHYTPEHHEW CTPYKTYp, K CPaBHEHHUIO TOCIEIOBATEIHLHOCTEH:
Pyx(N; M) = p(Ypems Xn), Wt HAO60POT: py o (N; M) = p(Xpem, Vi)-

BHerssis cTpyKTypa, BOOOIIE TOBOPS, HE BRITEKAET M3 BHYTPEHHEH, 1 Ha000poT. Bee 3aBucHT OT
cTpoeHus 0a3bl U criocoda 3a1anus METpUKUA. Ho BO MHOTHX MPAKTUYECKH BKHBIX CIydasx 3TH JBE
CTPYKTYPHI JAfOT, IO BUAUMOCTH, JIMIIb JBa Pa3HBIX MPEACTABICHNAS OJHOTO U TOTO XKe.

OnHO 13 BaKHEHUIINX MMOHITHN TAKOTO POJa — CXOJUMOCTh. Eciu 1u1s M060T0 MOJI0XKUTETHHOTO
BEIIECTBEHHOT0 uucia € cymectByeT Takoe N, uto p;,(N; m) <& mnsa mo6bx N> N mpu HEKOTOPOM

¢bukcupoBaHHOM M (00BIYHO BBIOMPAIOT M = 1), To X, Ha3bIBaeTcs mocineqoBaTenbHOCThI0 Komm. C

APYTOii CTOPOHEI, eciIu 1714 F000ro € cymiecTByeT Takoe N, uto p,,(N) < € pu mo0sIX N > N, roBOPAT,
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YTO MOCJICAOBATCIIBHOCTD Xn cxooumesi K TOYKE XO, Wik, 4YTO TOYKa XO ABJIACTCA ﬂpe()eﬂOM
IMOCJICA0BATCIIBHOCTH. Xn - XO . Hpe,[[eJ'H:HLIe CBOMCTBa HOCHGHOB&TGHBHOCTGﬁ TOYECK CBOIATCA TaKUM

00pazoM K COOTBETCTBYIOIIUM CBOMCTBAM YHCJIOBBIX PSAIOB, aOCTparupyorcs oT 0a3pl. OmHako He
BCerJa HaONIOCHHs HaJ YHCIaMH JIOMYyCTHMO HAMpPSIMYH MEPEHOCHTh HAa CBOHCTBA HEUYHMCIOBBIX
MPOCTPAHCTB: €CITH MPH 3TOM HE YUUTHIBATH CTPOCHHE 0a3bl, TAKOH MEPEHOC MOKET CTATh HCTOYHUKOM
JIOTHYECKUX OIHOOK.

B MeTpuueckux npocTpaHCTBax, MO MPaBUIIY TPEYTOJbHUKA, CXOISIIASLCS MOCISI0BATEILHOCTh
TOYCK BCET/Ia OKAa3bIBAETCS MMOCIIEA0BATEIILHOCTRI0 Kol — HO He Besikas nocienoBareabHocTh Ko
CXOAMTCS, KOO MOXKET OKa3aThCsl, YTO HET HU OJHON TOUKH 0a3bl, PACCTOSIHUS JJO KOTOPOW OECKOHEYHO
yOBIBaIOT (cTpemATcs K Hy110). C Ipyroif CTOpOHBI, 10 TOMY K€ IPaBUITy TPEYTOJIbHHKA, €CIHU X, —> Xg 1

Yn = Xg » T0 py — 0. BosHuKkaeT cobnasH MPEeANOI0KUTE i 00paTHOE: e py , — 0, TO X, 1 Y, 1160

BMECTE HE CXOJATCS, TUOO CXOIATCS K OJHON M TOM ke Touke 0a3bl. ECIM 3TO Tak — MOXHO CMEJ0
OOBSBIIATh BCE IMOCIICOBATCIBHOCTH C Pyx ™ 0 SKBUBAJICHTHBIMU, ¥ TPU HEOOXOJUMOCTU IMPOCTO

MOTIOJIHUTE 0a3y HEAOCTAIOIIMMHU TPEACTbHBIMU TOYKaMH. B 31eMeHTapHON MaTeMaThKe MpOCTO-
HAIPOCTO 3aMEYAIOT, YTO, €CIIM PACCTOSTHUE MEXKTY MpeAeiaMy IKBUBAJIICHTHBIX MOCIEI0BATEIbHOCTEH
HEHYJIEBOE, TOCTATOYHO B3SITh € PABHBIM ITOJIOBUHE 3TOT'O PACCTOSHUS — U OKAXKETCSI, 4YTO TPH YCIOBHS
CXOXMMOCTH (WISt X, WIS Y, M s py,) HApyIIAlT MPaBWIO TpeyroibHuka. CiefoBaTeibHO,

paccTosiHue MEXy NMpeAeIbHBIMU TOUKaMU PaBHO HYJIIO — a TOTJa, 10 IEPBOMY CBOWCTBY METPHKH,
npeaeabHbIe TOYKH COBMAAal0T — 4TO, Bpoze Obl, U TpeOOBaJIOCh 1OKA3aTh.

Ho naBaiite IpPOKOBBIPSEM MAJIEHBKYIO ABIPOYKY B HEPYIIMMBIX CTE€HAaX MAaTEMATHYECKON
CTPOrOCTH U BBIIVISIHEM TYyJAd, HapyXy, IJl€ MaTeMaTUKa CTAHOBUTCS HE COBCEM ayeMeHTapHOM. Ilo
JIOTHKE, ONPEJEJICHHUE IIPeieia TOBOPUT JIMIIb, YTO PACCTOSHUE MEXAY IPEIEIbHON TOUKON U TOUKaMU
CXOJISIIEHCS TI0CIIEA0BATEIBHOCTHU MOdcem Oblmb cOeaHo MEHBIIIE TI000ro Hanepe  3aJaHHOro Yucia.
Ho 310 BOBCE HE TOXKAECTBO, HE PABEHCTBO HYJIO (€CIM pedb HE MAET O OECKOHEYHOM IIOBTOPEHUH
OJTHOH M TOH k€ TOYKH). TOYHO Tak ke, COBMECTHAsA CXOIUMOCTh K JABYM pPa3HbIM TOUKaM O3HA4aeT
JIMIIb, YTO PACCTOSHUE MEXIY HUMU Modicem Obimb coeano MeHblie Jr000ro 4ucia — a BOBCE HE TO,
YTO 3TO PACCTOSHUE pagHo HYMO. JIpyTMMH CIOBaMH, PaCCTOSHHE MEXAY NpEACIbHBIMH TOYKAMHU
SKBHMBAJICHTHBIX MOCIEN0BATEIBHOCTEH — 3TO MPEAEN YUCIOBOM MOCIENOBAaTENBHOCTH, a BOBCE HE
roToBeHbkoe uncio. OHo cmpemumcs K HyIl0 — HO He pasro eMy. Ha 3ape MaTemaTHueckoro aHanmusa,
€ro0 OTLBI-OCHOBATEIM TOBOPHIIU O OECKOHEUHO MAbIX BETMYNHAX — HE OTOXKICCTBIISIA UX C OOBIYHBIMHU
yrciaaMu. [1oTOM cTatudeckass mapajurMa BHITECHHMJIA TOHATHE OECKOHEYHO Majlod M3 MIKOJBHBIX
KyPCOB; 4yTh MO3K€ K HEMY BEpPHYJHCh B KOHTEKCTE HECTAHAAPTHOTO aHaiu3a (KOTOPBIH, BIpoyeM,
JIMIIb TBITAETCS MHAaYe CPOPMYIIMPOBATH BCE TE€ JKE CTATHUECKUE HJIeH). TaK BOT, pacCTOSHUE MEKIY
MPEIEIbHBIMA TOYKAMH SKBHBAJICHTHBIX TOCIEIOBATEIBHOCTEH OECKOHEYHO Majl0 — HO HE HYJIb.
[IppMeHnTs K TaKUM BEJIMYWHAM TIEPBOE CBOWCTBO PACCTOSHHS MBI JIOTHYECKH HE BIpase. JIumb B
HEKOTOPBIX OCOOBIX CIIydyasx ILIKOJbHOE IO0KA3aTeIbCTBO COIVIACHO C JIOTMKOM — Halpumep, AJs
U30JIMPOBAHHBIX TOYEK 0a3bl.

TouHO Tak k€, ¥ MPaBUJIO TPEYTOJBHUKA B MCXOJHOM BHJE OTHOCUTCS JHIIb K KOHEUHBIM
(¢uxcupoBaHHBIM) BeIMYMHAM, a BOBCE HE K MpOLenype Iepexoja K mpeaeny. B npumeneHun k
0ECKOHEYHO MaJbIM PACCTOSHUIM, 3TO CBOWCTBO PACCTOSIHUS CIEA0Baio Obl (hOpMYIMpPOBaTH HHAYE:
p(X, y) ecTh OeCKOHEUHO Maiasi TOTO e M 00Jiee BBICOKOTO MOPsIIKa Mo cpaBHEHUIO ¢ p(X, Z) + p(X, Z).

Konnem ray0Osxe. Korga Mel cpaBHMBaeM JABE MOCIEIOBATEIBLHOCTH, MBI BBIXOIUM 3a PaMKH
HCXOHOTO METPUYECKOr0 MPOCTPAHCTBA B Opyeoe METPUYECKOe NPOCTPaHCTBO — c 0a30il B BUIE
MHOXecTBa TocienoBarenabHoctedl Komm Ha npoctpancTee S. FIMEHHO MO OTHOLIGHHUIO K 3TOi Oaze
ONPEIENSIETCS] IKBUBAICHTHOCTh NIOCIEA0BATENILHOCTEN. TOT HyJIb, K KOTOPOMY CXOJSITCSI PACCTOSIHUS
MEXKIY JIEMEHTaMU Pa3HbIX M1OCIEI0BATEIbHOCTEN, IPEACTABIIAECT HHOE ITOHATUE METPUKH, OTIUYHOE
OT METPUKH B S, U IIOTOMY X, , Y H Py IPOCTO HEIB35l CPABHUBATE B PAMKAX OJJHOTO M TOT'0 K€ [paBuIa

TpeerJ'H:HI/IKa! DTO YUCTO JOTHUYCCKAs O].LII/I6K8., noaMEHa IIOHATH . He Y4WIA MbI, YTO OJHUM U TEM KC
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9HUCIIOM (MMEHEM, SIPJIBIKOM) MOTYT 00O3HA4aThCsl Pa3HbIC CYHIHOCTH. PacCTOSHHS B MPOCTPAHCTBE
MOCTIeI0BAaTeIbHOCTEN MOTYT BEIYHUCIIATHCS HA OCHOBE PACCTOSHUIM Ha MHOXKECTBE MX 3JIEMEHTOB — HO
3TO pa3Hble TOHATHS, JaKe €CJIM OHU MHOT/Ia COBMAJAIOT B YUCIOBOM BBIPaKECHUU.

YroOBl OTOXKIECTBUTH KJIACC SKBHBAJICHTHBIX MOcieoBaTeNbHOCTel Komm B mpocTpaHcTBe S ©
TOYKOU 0a3wl B, TpeOyeTcs ocobas omeparus. He dakrt, 9ro Takas omepanus BCeraa OCyIIeCTBUMA, U
YTO OHa 00s3aTeNbHO OyAeT OAHO3HAa4YHOH. Hampumep, OTOXKIECTBICHHE MPOUCXOAWUT CIyYaiHBIM
00pa3oM ¢ pa3HBIMH TOYKaMH B HEKOTOPOW 00JACTH — W MOXKHO PacCMaTpHBATh COOTBETCTBYIOIIEE
pacnpeneneHue BeposiTHOCTeH. Tonpko B 0coOOM citydae, KOT/ia pacnpesielieHue 3a1aHo o-QyHKIuei
(xoTopast, KaKk U3BECTHO, BOBCE He (DYHKIHS, a QYHKIHMOHAI), BOSHUKAET HEKOe mogo0ue Touku. TouHo
TaK ke, €cH IMocJea0BaTeNbHOCTh Kommm He cXxoauTest K Touke 0asbl, MOMoNHEeHHE 0a3bl BO3ZMOKHO
JTAJIEKO HE BCETAA — IMOCKOJIBbKY TaKUE JOMOJHUTEIbHBIE TOUKH MOTYT JIOTHYECKH HE BIIUCBHIBATHCS B
olpesieNieHne MpeaMeTa TeOpUH, U Ui HUX HaJ0 CTPOUTH JIPYTYI0 TEOpHIO, C APYTroi MpeaMeTHOM
00JacThlo.

Haxownen, 11t mpoABUHYTHIX Ami1eTaHTOB. COBOKYITHOCTH MOCIIEI0BATENIEHOCTEH, CXOSIINXCS K
HEKOTOPOH TOYKe 0a3bl X MOXHO CUHTaTh €€ WH(WHUTE3UMAIBbHOW OKpecTHOCThio. Kaxkmas Touka
OKa3bIBaeTCs, TAKUM 00pa3oM, HEeHTpoM oOjaka OECKOHEYHO MalbIX OTKJIOHEHHWH — BHPTYaJbHBIX
Bapranuii. lyig mo0oro MOJ0KUTETFHOTO BEIIECTBEHHOTO YMCHa I, JIUIIF KOHEYHOE YHCIO WISHOB
MO00N CXOZSIIEHCcs K X IIOCIeNOBAaTEIbHOCTH OKa3bIBae€TCS 3a mpeaerdamu cdepsl paamyca I.
ITockonbKy B IMIpeIMETHON TEOPHUHU CXOIAIINECS MOCIeN0BATEILHOCTH 00pa3yIOTCs 110 OMPEICIICHHOMY
3aKOHY, MOYKHO OIICHUTH CpellHEee KOJIMUYecTBO Touek —g (1) 3a mpeaenamu r-chepbl; 3HaK MUHYC B3ST
U3 Tex CoOoOpakeHHWH, YTO TOCIIEeNOBATEIHHOCTh BCET/A «YKOpadMBaeTCS» Ha YpOBHE I. 3HATOKH
HECTaHAapPTHOTO aHAJIN3a TYT K€ YCMOTPST 3/1eCh HEUTO Bpoze yibTpaduisTpa. Bennunny &(r) MoxHO
CUMTAaTh MEpPOW CBSI3M TOUKH X C 0a30l — Kak B (PM3HMKE ONPENENSIOT YHEPTHH CBSA3U DICKTPOHOB B
aToMe. JTa «3HEpTus» OTPULIATENbHA, TOCKOIBKY 32 HYJIEBOH YPOBEHb IPUHSTA TOUKA IIOJTHOTO OTPhIBA
TOYKH OT 0a3pl (aHAIOT MOTEHIMAJa MOHM3AIWH). B 3aBHCHMOCTH OT CTpoeHHus 6a3bl (Tpeamera
TEOpPHUH) MOTYT BO3HHUKATh Pa3HbIE PACIPEIEICHNUS 110 SHEPTHSIM CBS3H; B aTOMax TUIIMYHAS KapTHHA —
MOCTIEI0BATENFHOCTD AUCKPETHBIX YPOBHEH, CXOAIMIAsACSA K TOPOTY HOHHU3AIHH.

OnHO W3 OYEBHAHBIX MPHIOKEHUH — 0000IIeHNe MOHATHS NPUHAIIE)KHOCTH DJIEMEHTa
MHOXKECTBY. B OOBIUHOW TeopwH >JIEMEHT MO0 MPUHAIJIEKUT MHOXKECTBY — nnbO0 HeT. Teopwus
HEYETKUX MHOXXECTB JIOMYCKaeT BBeACHWE (YHKIHUH MPUHAMJIEKHOCTH — HO COBEPIIEHHO HESICHO,
KaKOBBI OHHM W OTKyZAa UX OpaTh. 31e€Ch MBI BHINUM, YTO MPHUHAIIEKHOCTH (CIIOCOO CBSI3M JIEMEHTA C
MHOXECTBOM) 3a/aHa CTPOCHHUEM MpPEIMETHONH 00JacTh — JOMyCTUMBIMH TPAaeKTOPHAMHU B HEH.
OyHKIMS TPUHAJICKHOCTH OKa3bIBAETCS TOIAa CBOWCTBOM HH(UHUTE3UMAIBLHON OKPECTHOCTH TOUKH,
U BBIYMCIIIETCS KaK CpeHEE HEKOTOPOIO ONepaTopa Ha €€ BHyTPEHHEM ITPOCTPAHCTBE.

Bot MBI ¥ ogoIIM K CyTH Bompoca. PaccMoTpenue mo0bIX KOHCTPYKIMH Ha MHOXKecTBe-0aze
BBIBOJIUT HAC 3a €r0 IMpeJelibl, B IPOCTPaHCTBO OoJiee BHICOKOTo ypoBHA. Ho 3T0O o3HauaeT Takxke u
BO3HHKHOBEHHE BHYTPEHHEH CTPYKTYPHI y KaXKI01 TOUKH 0a3bl — €€ BHYTPEHHET0 MIPOoCcTpancTBa. Tak
MaTeMaTH4ecKiue 0ObEKThl CTAHOBSTCS UEPAPXUIMHU.

[lorsTHO, YTO BOBCE HE 00S3aTENTFHO OCTAHABIMBATHCS HA ONHUX JIMIIB KIACCAX CXOMAIIUXCS
nocienoBaTensHOCTE. MOXXKHO paccMaTpuBaTh JIOObIE TPASKTOPUH TMPHUOMIKEHUS K TpPeIeTbHON
TOYKE, B TOM YHCIIe HEMPEPBIBHBIE (HAITPUMED, TI0 CITUPaiH ). MOKHO TOBOPUTH O CITyYaifHBIX BEIOOpKAx
puOIMKeHIH. MOXHO 3a1aBaTh TOYKH HESIBHO, KaK IIEpPECEUEHUS CEMEHCTB MHOKECTB. MOYKHO JTa)ke
CUATATh TOYKH alNTrOpUTMaMH WM (PHU3MYECKHMHU TpoIleccaMu, C HX OCOOBIMH CHMMETPHSIMH
(«CTTMHOPHBIMUY CTETeHAMH CBOOOIIBI). BHYTpeHHee MpPOCTPAaHCTBO TOYKH MOXKET OKa3aThCs CKOJIb
yrogHo cioxHbIM. [IpocTpaHcTBO-0a3a ocraercsi MeTpudecKuM. M ecnm pacCTosHHE MEXIy ero
TOYKAaMH PaBHO HYJIO — TOYKM cOBHagaroT. Ho M3 MHQUHUTE3NMATFHOCTH PACCTOSHUNA HE CIeqyeT
POBHBIM CUETOM HMYEro — IOKa MbI HE YKa3aJld YPOBEHb PAaCCMOTPEHHUS, HE PA3BEPHYIIN HEPAPXUI0
KaKkiM-TO BIIOJIHE OIpeelieHHbIM o0pa3oM. Ilepexon OT BHYTpeHHEH NWHAMUKU B KaXKAOH TOUKe K
CBOICTBaM Ha ypoBHE 0a3bl TpeOyeT 3aaHus criocoda MPoeHrpOBaHHUs BHYTPEHHETO NPOCTPAHCTBA B
0a3y (1mo100HO TOMY, KaK B KBAHTOBOW MEXaHHKE BBOJSITCS OTIEPATOPBI HAOIIOJACMBIX ).
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C BHYTPCHHUMHU NPOCTPAHCTBAMU MBI CTAJIKUBACMCH Ka)K,ZILIﬁ pas3 1nmpu COBIaACHUMU OJHOTO C
JIpyTuM (3KBUBAJICHTHOCTH, PABEHCTBO H T. J.). KolM4ecTBeHHO, 3TO 03HAYaeT, YTO HEKOTOpas Mepa
OTJINYUA PaBHIACTCA HYIJIIO. IToka p€ub UIACT O I‘p}I6OM CpaBHCHUH, CJIOKHOCTH COIIOCTaBJIICMBIX
00BeKTOB He Opocaerca B ria3a. Ho Kak TOMBKO MBI abcTparupyeMmcsi OT pa3inydil Ha HEKOTOPOM
ypOBHE — HaM INIPHXOAUTCS UMETh JIeNo ¢ 0ojee TOHKMMHU BapHallMsIMH, 3aJe3aTh «BHYTPBY HYJIS.
31eck ake He Hy)KHO KBAaHTOBOM MEXaHHKH: JOCTATOYHO BCIOMHHUTBH, 4TO COJHEYHasl CHCTEMa, BO
BCEM ee 00raTcTBe, IPEICTABISIETCs OHON TOYKOH [Tl OOMTaTeNel COCeTHUX 3Be3]] — HE TOBOPA YXKe
0 JIaJIeKUX TraJlaKTHKaX.

B kadecTBe COOCTBEHHO MaTEeMaTHYECKOW WILUTIOCTPALMK — PABEHCTBO KOMIUIEKCHBIX YHCEL.
dopmaibHO, IBa YKHCIIA PaBHBI, €CIIU PACCTOSHIE MEKIY HUMH (MOYJIb UX Pa3HOCTH) PaBHSACTCS HYJIIO.
Ho ecnu 3aaBaTh KOMIIIEKCHOE YHCIIO MoxyieM | da3oii, Toukn {0, ¢, } u {0, ¢,} — BoBce He oHO 1

TO k€. BBIXOOHT, YTO PaBEHCTBO HYJIIO PacCTOSHUS — 3TO €lle He BCe, U HAAO 103a00TUTHCA O TOM,
YTOOBI MPUOIMKAIKCE MBI K HYJIIO 110 OAWHAKOBBIM TPACKTOPHUSAM, YTO M OOECIICUUT PaBEHCTBO (as3.
TpaauIMOHHO, C TAKUMH TOHKOCTSIMH HHMKTO HE CBSI3bIBaeTCs, W a3y IUId Yuciia HyJdb BOOOIIE HE
onpeaenstoT. CienoBaTeabHO, U pACCTOSHUE HA KOMIUIEKCHOM MIIOCKOCTH OMPEAENIEHO C TOYHOCTBIO J10
¢ba3bl, TO ecTh, KAK HEKOTOPOE CPEAHEEe — U CPa3y BO3ZHUKAET BOIPOC O IPABOMEPHOCTH U cHOCOOe
YCPEIHEHH.

OOBIYHO MEPBUYHBIM CUHATAIOT JIMHEHHOE anredpandeckoe MpeICTaBIeHne KOMIUIEKCHOTO YUCIIa
C TIOKOMITOHEHTHBIM PaBEHCTBOM. Torja HyiIb — OJHA-€AMHCTBEHHAs TOYKAa. TOYHO TaK K€ BBOZST
€AMHCTBEHHYI0O OECKOHEYHO YAAJeHHYI0 TOYKY (TMPOEKTHBHAs TE€OMETPHs) — HO B peaJbHBIX
BBIYMCIICHUAX [IPUXOAMUTCS Pa3OoUpaThesl, [0 KAKOH TPaeKTOPUH Mbl 00XOANUM 3TH JIBE€ CHHIYJIIPHOCTH.
CunraTh HyJb U OECKOHEYHOCTh YHCIIAMH — YHCTasl yCIOBHOCTh. [IoToMy 4TO 3TO COBCeM He umcia, a
HACTOSIIIIME YHUCIIA TaK ceOs He BEyT.

AHaJOTMYHO ¢ BEKTOPHBIMH IIPOCTPAHCTBAMM: OJHO J€J0 — IMOKOMIIOHEHTHOE IIPECTABICHUE,
a Ipyroe — BEKTOp Kak BeJIMUYMHA U HampasieHue. Kakoe HampaBiieHue y HyIb-BeKTOpa?

Ho nouemy crnepyeT MCXOAWTh UMEHHO W3 JIMHEHHON cxembl? BBITh MOXKET, B MHpE IJIaBHEE
BpallleHHe, a BOBCE HE IMOCTynaTeapbHoe ABHKeHHe? [IOKOMIOHEHTHOE MpeACTaBIEHHE — YaCTHBIN
Clyuall, KaKk IpsiMasg — 4YacCTHBIA CIydail IIPOU3BOJIBHON TPAaeKTOPHUH, BAOJIb KOTOPOM BHYTpPEHHEE
IPOCTPAHCTBO KaXJOH TOUKH IIETMKOM OTOOpaxkaeTcs BO BHYTPEHHEE MPOCTPAHCTBO ciemyromei. 1
TOJILKO B «HYJICBOM» IPUOJIMKEHHHN CIIPABEINBA TEOPHUS OOBIYHBIX METPHUECKHX POCTPAHCTB.

aszycm 1988

Uepapxuuyeckaa pasmepHOCTb

C Tex mop, Kak MareMaThka (MCKYCCTBEHHO) a0CTparMpoBajiach OT MOBCEAHEBHOI'O OMbITA U
Hayaja 3aHUMAaThCsl UCKIIIOYUTENIBHO (POPMaIbHBIMHU BOIIPOCAMH, MbI II€PECTAIN IOHUMATh, YTO ITO
TaKoe — MPOCTPaHCTBO. IIpocTpaHCTBOM cTany Ha3bIBaTh BCE, UTO YTOAHO. Torga MareMaTHKy IPOCTO
OTKa3aJMCh OT 3TOr0 MOHATHUS M OCTaBWIM B OOMXOAE JMIIb JOCTATOYHO (HOPMAaIM30BAaHHbIE
KOHCTPYKIMH, Ha3BaHUS KOTOPBIX JIMILIE MO TPAAULIUH COIEPHKAT CIOBO «IIPOCTPAHCTBO» — OOJIBIIC B
cMbICIie «MHOrooOpaszuey. s Takux aOCTpakTHBIX OOBEKTOB BBOISTCS CTOJb K€ aOCTpaKTHBIC
OTIpeNeNICHUs Pa3MEPHOCTH, KOTOPble HOPMaJIbHOMY YEJIOBEKY POBHBIM CUETOM HHUYEro HE TOBOPAT.
Ham mpennaraioT nmoBepuTh Ha CJIOBO OOJIBIIUM YUEHBIM U TYNO NMPUMEHSTH PE3YJIBTaThl UX TPYIOB,
JKaTh HA KHOIIKHM, HEM3BECTHO 3a4eM, a TeM Ooisiee modeMy. Ilockonbky ¢usmka Tenepb OoJbiiie
nro0yercst popMysiaMH, YeM NPUCMATPUBAETCA K MPUPOAE, KAaTh 00bsICHEHHH OT (U3UKOB — JAEJI0
CTOJb ke HanpacHoe. M noka ¢uiocodus He BEIpacTeT U3 NIETCKUX MITAHHUIIEK U HE IIEPEeCTaHeT KOCHTh
0] HAYYHOCTh — OT Hee BPa3yMUTEIbHOCTH HU Ha TPOIII.

Ho Tem, y Koro B Jy1ie ele ocTainach XOTh KalellbKa 4eI0BEUECKON JIF0003HATENIFHOCTH, BPEMS
OT BpPEMEHH XO4YeTCS MUHHMAJIbHOW HATJSIMHOCTH, WHTYHIMU HE 1O TIOBOJXY KOMOWHHPOBaHUSI
ueporim@oB, a B ICHCTBUTENBHBIX OTHOIICHUSX C OKPYKAIONIMMHU HAC BEIaMH, & 320]THO U C IDYTHMHU
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moaesMu. Hamme mpakTtudeckoe MpeicTaBICHUE O TMPOCTPAHCTBE — OJHO U3 TaKUX OTHOIICHWH. [la,
JKM3Hb CJIOKHA, U MPUXOJUTCA BBICTPpAaMBATh ACATCIHLHOCTH IMO-pa3HOMY: 3TO IMPUBOAWUT K MBICIN O
BO3MOKHOCTH Pa3JIM4YHO OPraHN30BaAHHBIX IPOCTPAHCTB. B xaknx-To ClIydasX MOKHO XapaKTCpU30BaThb
TaKUC pa3iniuiad NOHATUEM «PasMEPHOCTH» — HO IIYCTb 3TO 6y1[€T NMCHHO MOHATHUE, COBOKYITHOCTH
THUTIOBBIX TPUEMOB TIOCTPOEHHS MPOCTPAHCTB PAa3HON Pa3MEPHOCTH, a HE MPOCTO KOHTIUPOBAHHE
CHUMBOJIaMHU.

JlaBatiTe mompoOyeM XOTs OBl CXeMaTHYeCKH HaMETUTh OJHO W3 BO3MOXKHBIX permreHui. [lyctsb
KaXIBII BRIOOp TpeOyeT MPOCTPaHHOTO 00CYKISHVsSI OCHOBAaHUN — OTPaHHYUMCS XOTsS OBl HAaMEeKaMu
Ha TO, JJI YEro AT OCHOBAHUS CIEIyeT MOABICKATh.

C TOUYKM 3pEHHS YEIIOBEUYSCKOH NEATENIbHOCTH, HJesl MPOCTPAHCTBA TOBOPUT OO0 HMMEIOLINXCS
BO3MOXKHOCTSAX. VIMEHHO B 3TOM CMBICIE «IPOCTPAHCTBCHHAs» JIGKCHKA YHOTpeOisercs B OBITY.
Hayunplii ObIT — HU4YEM 3aech He BblIessieTca. [IpuMepsl W3 HayKd TPUBBIYHEE, MOCKOJBKY
(dunocodus Moka He KenaeT CMOTPETh HU Ha uTo Jpyroe. JlagHo, mycts OyneT Hayka. C npuiienom Ha
HEM30€KHOCTh MCCJIEIOBAHMS NMPAKTUYECKUX IMPHEMOB KOHCTPYMPOBAHHS TNPOCTPAHCTB B JAPYTUX
00JIacTsX MeATeTFHOCTH. by/IeM TTOCTETIeHHO T00aBISITh HEOOXOUMBIC ISl 3TOTO WHCTPYMEHTHI.

Haunrem ¢ TOrO, 9TO MPOCTPAHCTBO HA CAMOM JIeJIe CYMIECTBYET. DTO HE MPOM3BOJ, HE IyCTas
(haHTa3WsI — TaK YCTPOCH MHUpP Ha camoM jnene. M Tak ke MBI B 3ToM Mupe neiictByeM. Ho
CYIIIECTBOBaHME IMPOCTPAHCTBA — HE TOTO JK€ POJia, KaK CYIIECTBOBAHWE MAaTE€PHAIBHBIX BEIIEH.
[IpocTpaHCTBO HE CYMIECTBYET OTAEIHHO OT BElllel — 3T0 MMEHHO OTHOIIEHHE MEX/Ty Bemamu. Takoe,
MIPUBA3aHHOE K MAaTepHH CYyIIEeCTBOBaHWE B (prmiiocoduu Ha3bIBalOT WiealbHBIM. Ho um Bemm He
CYIIECTBYIOT BHE OTHOIICHUI MEXIy co00i — M BCsAKas MaTepPHAbHOCTh COOTHOCHUTCS C YEM-TO
UIealbHBIM (M 3TO HEe 0053aTENbHO MPOCTPAHCTBO). B ONpeeNeHHbIX YCIOBUAX UCATBLHBIC CYIITHOCTH
npedcmaesiielbl KAKUMH-TO BEIIIAMH: HAIIPUMED, CIIOBO «IIPOCTPAHCTBOY CaMo IO cebe — MPOCTO 3BYK,
COTpsICCHHE BO3JyXa (MM Kpacka Ha Oymare, WM CBEUCHHE JKPaHA); HO KOTJa MbI PAacCyXJIacM O
IIPOCTPAHCTBE, 3Ta BCIIb CTAHOBUTCA €TI0 3HAKOM — B paMKax KOHerTHOﬁ JACATCIIBHOCTH, B IIpE€aciax
TEMBI. HpOCTpaHCTBO OOBEKTUBHO — OQHAKO B KaXXJIOM KOHKPETHOM CJIyda€ Mbl NOAXOJUM K 3TOM
uaee C Kakoh-To OAHOM cTOpoHBL. IloaToMy u mrOOBIE XapaKTEepHUCTHKH IPOCTPAHCTBA MOTYT
OTHOCHUTBHCSA OO K MPOCTPAHCTBY CaMOMy 1O cebe («BHYTpEHHEE yCTPOWCTBO», HE3aBUCHUMOE OT
HaIllUX HWHTEPECOB), JIMOO K OJHOMY W3 BO3MOKHBIX INPAKTHYECKUX IPEICTaBICHUN (KOHKPETHOM
«peanuzanuny). Pedp uaeT He TOMBKO O TMOHATHUSX Pa3HBIX THIOB (YPOBHEH) — HO M O PacCIOCHHH
KKIOTO TIOHSATHS, €r0 MHOTOYPOBHEBOCTH. B COOTBETCTBHH C ATHM, MBI pa3zindaeM COOCTBEHHYIO
(«reoMeTpUYecKy0y») pa3MEepHOCTh MPOCTPAHCTBA — U BHEITHIOIO («TOMOJOTHYECKYIO») PA3MEPHOCTb.

0. Touxa

Ilo xopomemy, 3TO He TO, C 4ero cieaoBaio Ol HaunHaTh. CKopee, HA00OPOT: UTOT, BBHICIIAS
CTerneHb abcTpakiuu. Ho mOCKONbKyY 3/1€Ch MBI JIUINb MPEJCTABIAEM HEYTO, paHee NMPUAyMaHHOE (H
MPOyMaHHOE), — MO>KHO MITH C KOHIIA.

C TOYKHM 3peHHs KOHCTPYKTUBHOM TEOPUH Pa3MEPHOCTH, TOYKA €CTh UCXOJHBINA MyHKT: BaKyyM,
«HYJIBMEPHOE» MPOCTPAHCTBO — TO €CTh, IO CYTH, OTCYTCTBHE IPOCTPAHCTBEHHOCTH KaK TAaKOBOM.
HeBo3M0XHOCTB IBMXKEHUS U IEHCTBUS.

[Tockonbky MBI TOBOPHM 00 OOBEKTHBHOCTH MPOCTPAHCTBA, TOYKA €CTh BBIPAKEHHE STOU
00beKTUBHOCTH. [IpOCTpaHCTBO COCTOUT U3 TOYEK — 3TO JIMILB APYTO€ BHIPAKEHUE CYILIECTBOBAHUS U
Ka4eCTBEHHOM OIpeJeIeHHOCTH. 3aMETHUM, YTO TOUYKa CTAHOBUTCSI KAUECTBEHHO OINpPEICICHHON JIUILb
[0 OTHOUICHHUIO K «CBOEMY» MPOCTPAHCTBY — HACJIEAYET ero kauecTBo. He ObIBaeT Touek caMux IO
cebe — eCTbh TOJNBKO pa3Hble MPOCTPAHCTBA, KOTOPHIE MBIl B KAKUX-TO CIy4asX MOXEM CBEPHYTH B
«TOYKY», C COXpAaHEHHEM TOTO JK€ KauecTBa.

1. M3mepenue

B (1)I/IJ'IOCO(1)I/II/I €CTb KaTeropus:, 0003HayaeMasi CIIOBOM «Mepa» (B OTJINYUC OT MCPBI B Y3KO-
MAaTEMATHYCCKOM HOHI/IMaHI/II/I). HNmMmeetcs B BUAY CaMa BO3MOXKXHOCTb COOTHCCTH OAHO C APYTHUM. Kor/:[a
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OJHO CTaHOBUTCS MepujoM apyroro. Enunuieit uamepenus. To ecth, ¢ OIHOW CTOPOHBI, TO, YTO MBI
u3MepsieM, B KaKOM-TO acCIHeKTe Ka4eCTBEHHO OJHOPOAHO C TE€M, YTO MBI MPUHUMAEM 3a eIUHUILY
(com3MepuMo ¢ HUM); C IpYTOi CTOPOHBI, OHO OTJIMYAETCS OT €AUHHIIBI, ¥ 3TO OTIIMYHE MBI HAa3bIBaeM
KOJIMYECTBOM.

B oTnnume oT TOYKH, BCAKOE U3MEPEHUE MPEIOIAraeT BO3MOKHOCTD IBH)KEHHS B HEKOTOPBIX
npenenax («CTemeHb CBOOOAB»). BOT 3TO MBI M Ha3piBaeM (OJHOMEPHBIM) IpocTpaHcTBoM. Ilpm
Ka)XJIOM KOHKPETHOM BBIOOPE €MHUIIBI IPOCTPAHCTBEHHBIE OTHOLICHUS OYAYT BBIPAXKATHCS Pa3HBIMU
yrcaaMu (WIK Aaxke BOoOIIe He YHCIaMu) — HO caMU 110 ce0e OHM OT 3TOT0 He MEHSIIOTCS, U CTOJIb JKe
00BEKTHBEH (BHYTPEHHHI) MOPSAAOK — B HEM CYTh OTHOMEPHOCTH.

Ecnu ecTb HECKOIBKO pa3HBIX Mep (M COOTBETCTBYIOIIMX CAMHUL] U3MEPEHHs), MBI TOBOPUM O
MHOTOMEpHOM TnpocTpaHcTBe. O BO3MOXKHOH B3aMMO3aBHCHMOCTH DPAa3HBIX AESITEIBHOCTEH — CM.
HIDKE. 371ech BaXKHO TOJUYEPKHYTh, UTO, BOOOIIE TOBOPSI, Pa3HbIE H3MEPEHUsI KAUECTBEHHO PA3IHMUHBI, U
NPOCTO TaK JAPYT ¢ APYroM He ckiaabiBatoTcsi. Hanpumep (3a0erast uyTh Brepen), 4ToObI IOCTPOHUTH
MHOTOMEpPHOE METPUYECKOE TPOCTPAaHCTBO, HA/I0 KAaKUM-TO 00pa3oM NMPUBECTH pa3Hble SIUHHUIBI K
obmeit Mepe: B popMe 11 HHTEpBaIa

ds® = g, dx'dx"
KO3 GUIMEHTH § IMEOT ((PU3NIECKYI0) pa3MEePHOCTh
[enunauna uatepBanal / [enunnna i] / [eanauna K]

Korna mbI BeIpaxkaeM Bce pa3Mepsl (I0MyCTUM) B METPax, 3TO 03HAYAET, YTO y HAC €CTh NPAKMuU4ecKkas
npouenypa npeoOpa3oBaHus K METpaM MCXOAHBIX €IMHHII, KOTOPbIE HA CAMOM JieJie Ha3bIBAIOTCS KakK-
TO BPOJE <«JUIMHA» (KIIOTOHHBIA METP)), IIMPHUHA», «BBICOTA» — M AECATKH APYI'MX BAapUAHTOB, B
3aBUCHUMOCTH OT TOTO, YTO MMEHHO MBI nM3MepseM. COOTBETCTBEHHO, IOJIyY€HHAsh TaKUM 00pa3om
€AMHas eAWHMLA MMEET CMBICH JIMIIb MOCTOJIBKY, TOCKONBKY €CTh JEATEIBHOCTh, MPOTEKAIOIas B
MIPOCTPAHCTBE UMEHHO TaKOM pa3MEpHOCTHU: HAIIpUMeEp, HET CMBICIIA IPUBOJUTH BCE K J0JIIapaM Tam,
I7ie J0JJIap HE B XOAy.

B kaxxaoMm npuinoxeHnn (B KOHKPETHOHN I€ATEIbHOCTH) MBI IIPECTABISAEM NIPOCTPAHCTBO LIETION
MOJIOKUTENBHOW Pa3MEpHOCTH, IMEepedHciss ero M3MEepeHHs B OIpeNeleHHOM mopsiake. B onHux
CIIy4asx 3TOT MOPSIOK BaXkeH, B pyrux HeT. CaMo MpOCTPaHCTBO HUKAK HE 3aBUCHUT OT TOTO, YEM MBI
€ro MpeCTaBIsIeM, — OHO MPE/INOoJIaraeT Bce BO3MOXKHBIE ITPEICTABICHNUS, U HE CBOJUTCS HU K OJJTHOMY
3 HuX. Tem He MeHee, HAOOpP BO3MOXKHOCTEH HE MPOM3BOJIEH; TO OOIIEe, YTO €CTh Y Pa3IUYHBIX
MIPECTAaBICHUI OJTHOTO MPOCTPAHCTBA MBI M Ha3bIBae€M €ro (Tr€OMETPHUYECKO) pasMEepHOCTHIO. MBI
TOBOPHM, YTO Pa3MEPHOCTh — 3TO WEPapXus, JOITyCKAIOIIas pa3BepPTHIBAHUE PA3HBIX HEPAPXUIECKAX
CTPYKTYp (clienManbHBIX MpencTaBieHui). Tak, Jerko BUAETb, YTO [EKapTOBO IPOU3BEACHHUE
npocTpaHcTB pa3Hoi pasmepHocTH N; M N,, sABHBIM 00pa3oM HEKOMMYTAaTHBHO, XOTd CyMMapHas

pasMepHOCTh B oOoM ciyuae paBHa N; + N,. IIpocTpancTBo m0060i pasMepHOCTH B 3TOH MOJEIH

BBITJISIIUT KaK COBOKYITHOCTh BCEX BO3MOXHBIX pa30MEHHH MOJHOW pasMEpHOCTH Ha CYMMBI
pas3IMYHOrO YHcia ciaraeMbix. ['padudecku 3TO BBINIAOUT Kak HaOOp JIPEBOBUIHBIX CTPYKTYP
(oOpamieHuii nepapxun):

a

IUTIOC BCE BO3MOYKHBIE [IEPECTAaHOBKH B ITOCIIEA0BATEILHOCTH (8, b, C). Ha mpakTuke Kakue-To BapuaHThl
pa3BepTHIBaHUS MOTYT OKa3aThCsl HEAOCTYITHBIMHU: HAlIpUMep, YTOOBI TIONAcTh B KBAPTUPY, Mbl CHaYaa
JIOJDKHBI 3alTH B TMOABE37 (TOPU30HTANb), a MOTOM TOAHAThCS Ha Judre (BepTHKAb); 0OpaTHBIN
HOPSLIOK NIPEIIOoNaraeT ClioCOOHOCTh JIA3UTh 110 CTEHAM.
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2. Cease

TpaguuyoHHOE B aHAJIUTHYECKOW MEXaHHWKE IIOHATHE CBSA3M II03BOJISIET KOHCTPYHPOBAThH
NPOCTPAHCTBAa OTPULATENbHONW pa3sMepHOCTH. JloOaBieHHE H3MEpPEHMS YBEIUYMBACT Pa3MEPHOCTb
NPOCTpPaHCTBa (Z0OaBIsET CTENEHb CBOOOABI); CBs3b, HAOOOPOT, 3ampemiaeT [BI)KEHHE B
OTIpeNIeICHHOM HarpaBieHUU (He 00s3aTeNbHO MO MPSIMOM) U TeM caMbiM 3()(QEeKTUBHO yMEHBIIAET
pa3MepHOCTb MPOCTpaHcTBa. [IpocTelinyio CBsI3b MBI CUMTaeM HPOCTPAHCTBOM pazMepHocTH —1.
KomOuHanmu cBsizelt JaroT CBsI3M 0oJjiee BHICOKOTO MOPSKA; TaK MOPOKAAIOTCS MPOCTPAaHCTBA LEJI0H
OTPULIATEIBHON Pa3MEPHOCTH.

Crnoco6 HayoXKEHHs CBSI3M 3aBUCHT OT IPOCTPAHCTBA, B KOTOPOM OHA OIPE/eNIeHa U OT crocoda
ero napaMerpusanud. Hampumep, ecii B mpocTpaHCTBE 33/jaHa CHCTeMa KOOPIMHAT, CBSA3b MOXKET OBITh
MpeCTaBlieHa HEKOTOPHIM ypaBHeHHMeM. Kak u B ciydae (HOJOXHUTEIbHBIX) M3MEPEHHH, CBI3b He
3aBUCUT OT croco0a mapamerpuzanud. OIHAKO M3MEPEHUs MPOCTPAHCTBA BHIPAXKAIOT OTHOLICHUS
MEXIy BELIaMU — TOTJa KakK CBsI3b BBIPA)KAeT OTHOLICHHUS] 3THX OTHOILIEHWH; 3TO, TaK CKa3arh,
HAeaTbHOCTh O0JIee BBICOKOTO YPOBHs. TeM He MeHee, BO MHOTUX NMPAaKTHYECKUX CHUTYaLMsIX, KOraa
BaXHO HE CTPOCHHE HACATBHOCTH KaK TaKOBOM, a €€ OTHOIIEHHWE K MaTepuH, paziIuuue MEXIY
H3MEPEHUsIMU POCTPAHCTBA U CBS3SMH HECYLIECTBEHHO, U MBI MOKEM CBOOOJHO KOMOMHUPOBATH HX,
MOPO’KAast IPOCTPAHCTBA PAa3HOI pa3MEPHOCTH.

[TonsiTHO, UTO, BOOOILE TOBOPSI, MPOCTPAHCTBA OJTHON Pa3MEPHOCTH MOTYT OBITh YCTPOCHBI OUEHBb
PasiIn4Ho, B 3aBUCUMOCTHU OT TOI'0, B KAKOM IOPAAKE MbI Z[O6aBJI$[€M HU3MCPCHU U HaJlaracM CBS3U. Ha
IIPAKTUKE HEKOTOPLIC TAKKUEC IMMOCICAOBATCIIBHOCTH MOTYT OBITH ITPOCTO HCBO3MOKHEI. Ho s nacajbHOM
cllydae, IpeAarnojaras IOIyCTUMOCTb IIPOU3BOJBHBIX IIOCTPOEHUH, pa3MEpHOCTb IIPOCTPAHCTBA CO
CBSI3IMH €CTh OOINAas XapaKTePUCTHKA BCEX BO3MOXKHBIX OOpallleHHH uepapxXuu (MepapXUUecKHX
cTpykTyp). Hanpumep, ¢ Touku 3peHMs Teopuu aToMma, ONMCAaHHE IBIDKEHMS 3JEKTPOHA M JBIPKU
TpeOyeT peleHns] TpeX4acTUYHON 3a1a4y (BKJI0Uasi 110JIe aTOMHOT'O OCTaTKa); OJJHAKO IIPH 3TOM aTOM
ANIEKTPUUECKU HEUTPAJICH, U €TO CJIOKHASI CTPYKTYPa INPOSABIIETCS TOJIBKO MTPH OJIM3KOM KOHTAKTE.

3. Ilpoexyus

[MonoOHO cBs3AM, MPOEKTOPH A(PPEKTHBHO yMEHBINAIOT Pa3MEPHOCTb MPOCTPAaHCTBA — HO
nenatoT 3To uHade. OHU cooTHOCAT N-MepHOe MPOCTPAHCTBO C HEKOTOPHIM JAPYTHM IPOCTPAHCTBOM
pa3MepHOCTH Q (TIPOCTPAHCTBOM KOMIIOHEHT), KOTOPO€ MOKHO CUHMTATh BHYTPEHHHM JUIS KasKIOW
TOYKH HCXOJHOTO TNPOCTpaHCTBA. V3MepeHUs 3TOro BHYTPEHHETO MHPOCTPAHCTBA U HA3bIBAIOTCS
NPOSKIUSIMHU; MX pasMmepHocTs paBHa N/ Q. B 4acTHOCTH, BHYTpEHHHE KOMIIOHEHTBI OJJHOMEPHOTO
IPOCTPAHCTBA UMEIOT pa3MepHOCTh 1/ Q.

TakuM 00pa3oM MOXHO CTPOMTH IPOCTPaHCTBA JIOOOM panMOHAIBHOH Pa3sMEpPHOCTH.
HaxnanpiBas cBs31 HEe Ha TOYKH MCXOIHOIO NMPOCTPAHCTBA, & HA MX MPOEKLUH, MBI ITOJy4aeM TaKKe
MIPOCTPAHCTBA OTPULATEIBHON PaLMOHAIBHON pa3MepHOCTH. lIpoekuus 3eMeHTapHON CBSI3M UMEET
pa3mepHocTh —1/ Q. Jlerko BuaeTh, YTO B MCXOJHOM HPOCTPAHCTBE 3TO COOTBETCTBYET OOBIYHBIM
MpoLeAypaM OPTOrOHAIM3ALINY, U TPOEKLUS «BEKTOPOBY UCXOIHOTO IPOCTPAHCTBA HA OPTOTOHANIBHBIE
VM BHYTPEHHHE U3MEPEHUs AaeT HOJb.

Touky HCXOOHOTO MPOCTPAHCTBA MOXHO TOCTPOUTH MO MOJHOMY Habopy ee mpoekuuit. s
BHYTPEHHETO MPOCTPAHCTBA 3TO COOTBETCTBYET MOCTPOSHHMIO MPpOcTpancTBa Q namepenuii. B repmMunax
«JIeKapTOBBIX CTETEHEi», MBI TOT/Ia TIOJyYaeM €CTECTBEHHOE COOTHOIIECHHE:

(RM)* =R".

PazymeeTcs, B peanbHBIX NMPHIIOKEHUSAX CIeIyeT Mo3aboTHThCS 00 «OPTOTOHAIBFHOCTHY IMPOEKINH,
KOTOpas B HEJIMHEWHOW TEOPUH TOCTHKIMA TOJBKO JIOKaIbHO. Ho cyTH fena 3To He MeHseT.
BemecTBeHHBIE YHMClia MBI ONpeZeNisieM Kak KIACChl CXOISIIUXCS ITOCIEA0BaTEIbHOCTEN
panroHaNBHBIX yucen (Wi cederus). Cremyst TOH ke JIOTHKE, MTOCIEA0BATEIEHOCTH (MepapXUdecKue
CTPYKTYpBI) HPOCTPAHCTB pAaIMOHAIBHON pa3MEpPHOCTH IMOPOKIAIOT BEIIECTBEHHBIE PAa3MEPHOCTH.
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OTMeTHM, YTO BEIIECTBEHHOH 3716Ch OKa3bIBACTCS HE TOIMOJIOTHYECKas (BHEUTHSSA), a TEOMETpHIecKast
(coOcTBeHHAsT) pa3MEPHOCTh MPOCTPAHCTBA. B 00I1IeM ciyyae TOIMOJOTHS HE BHITEKACT U3 TCOMETPUH,
1 Ha000pOT. B HEKOTOPBIX YaCTHBIX TEOPHUSIX CIIOCOOBI TOCTPOCHUSI (PPAKTATIOB MOYKHO COMOCTABHUTH C
KJIacCaMH IIPOCTPAHCTB PAMOHAILHON pa3MEPHOCTH — U TOTJIa TOMOJIOTHYECKAsk pa3MEPHOCTh MOXKET
OBITh TIOHATA KaK T€OMETPHUYECKAs,; BO3HUKAET CBOero pojaa uzomopdusm. Ho emie pas noguepkHem:
m3oMophu3M He ecTh ToXAecTBo. Hampumep, Toukn otpe3ka (0, 1) omHO3HAYHO OTOOpaKaroTCs Ha
oTpe3ok (1, 2), ¢ MTOHBIM COXpaHEHHEM CTPYKTYPBI, — OJHAKO 3TO He 03HadJaeT, uTto X = X + 1.

4. Unoekc

Munekcamnust mpocTpaHCTBA MMPOTHBOIIONIOXKHA MTPOCKITUU: BMECTO Pa3BEPTHIBAHUS BHYTPEHHETO
MPOCTPAHCTBA KAXKIIOH TOYKH MBI, HA0OOPOT, COTIOCTABIISIEM €W HEUTO BHEIIHEE — W TEM CaMBIM
3 PeKTHBHO yBEIHMUNBAEM PA3MEPHOCTh. DTO BHEITHEE — UM TOUKH, HABEIICHHBINA HA HEe SPJIBIK,
KOTOPBIH, BOOOIIE TOBOPS, MOXKET MEHSTHCA MPHU TEePEeXoje OT OJHON CHCTEMBl HHISKCHPOBAHUS K
npyroii. B oOmiem cimydae uMsi MOKET OBITh YeM YTOAHO — W Jake BOOOINe HE MOAManaTh MO
CIOPUCAMKIINIO» MaTeMaTUKH. TaKoBbI, HampuMep, (U3NYeCKHe IOJII WM TOMOHUMEI. OIHAaKO U B
MaTeMaTUKe UHACKCUPOBAHHBIE MMPOCTPAHCTBA HE PEIKOCTh. TakoBa, HAIpPUMEP, BCE KOOPAUHATHBIC
CUCTEMBI: K&KIOH TOYKE MPOCTPAHCTBA MBI CTABHM B COOTBETCTBUE HAOOP YHCEN, YIOPSIOUYCHHBIN B
COTJIaCUHU C IPUHSITBHIM MOPSIKOM MPOCTPAHCTBEHHBIX H3MEPEHUU. DTO AIEMEHTApHOE HHICKCHOE
MPOCTPAHCTBO pazMepHOCTU 1 — «BekTop». C Ipyroil CTOPOHBI, Mbl MOXEM COIOCTABUTh TOUKE HE
BEKTOP, & MATPHILy, «TeH30p paHra 2». KOMIIOHEHTHI TEH30pa MBI IEPEUUCIISIEM IBYMS HHICKCAMH, U
€CJIM UCXOHOE MPOCTPAHCTBO UMEET pa3MepHOCTh N, KOMIIOHEHTHI TEH30pa 00pa3yloT MPOCTPAHCTBO

2
pa3meprocTu N°. O4eBUIHO, MHICKCHPOBaHHE K MHAEKCAaMU COOTBETCTBYET BO3BEACHHIO Pa3MEPHOCTH
6a30Boro (KOH(PUIYPAIIMOHHOT0) IIPOCTPAHCTBA B CTETICHB K.
Kaszasock b1, MBI MOTJIH OBI OIIPENICITUThH BO3BEICHUE B CTENICHb KaK MHOTOKPAaTHOE YMHOXKCHHE:

N=N-...-N (k pa3).

Jst pa3MepHOCTH KBaapaT ONpPEACATCs, Bpoae Obl, Kak
RY =(R")" ~R"x...xR" (N pas),

1 TO’KE MOYKHO CTPOUTH JITMHHBIE ITenoyku. [Ipobiiema B TOM, 4TO MPHUCYTCTBYIOIIEE 37I6Ch MHOTOTOYHE
HE DIIEMEHTapHas ONepanys, a «KKBAHTOP»: €€ HEeNb3s ONPENEINTh B TEePMHUHAX HCXOJAHOTO 00BEKTa —
9TO ApYroW ypoBeHb Joruku. Ilo cyTu nena, mpemmonaraercsi HEKOTOpasi AEATEIHHOCTH, TpOIecC B
0a30BOM MpocTpaHCTBe. MHOTIA 3TOT MPOIECC MOXKHO (0 KaKOW-TO CTEIEeHH) alrOPUTMH3HPOBATH;
yaiie OH MOHUMaeTCs HepopMallbHO — W 3TO HEHCUYEPIaeMblii ICTOYHHUK BCE HOBBIX MAaTEMATHUECKUX
CTPYKTYp. YUUTHIBas, 4YTO TIOBTOPEHUE IIEJI0€ YUCIIO Pa3 €CTh JIMIIb YaCTHBIN CITy4aid (KOJIb CKOPO MBI
B3sUTUCh 00CYKJaTh IPOCTPAHCTBA MPOU3BOJILHOM Pa3MEPHOCTH), TAKOE KIIPOCTEUIIIEE» ONpEACICHHE
HAaC HE yCTpaumBaeT; MOSTOMY MBI C CaMOTO Hauaja IMPU3HAeM BO3BEJEHHE B CTEINEHBb Olepalrueit
ocoboro pona, He cBoJsIIeica, BooOIIE roBopsi, K yMHOKeHHI0. OHAKO Ui HEOOJIBIIOTO LIEIO0TO0
YUCJIa MHJEKCOB, MPU HEKOTOPOUM CHCTEME WHICKCUPOBAHUS, BO3MOXXHO YCTAHOBUTH COOTBETCTBHUE
(m3oMop(pH3M) MEXKTy IMOITYYSHHBIMH Pa3HBIMU MYTSIMH IIPOCTPAHCTBAMU U COOIIOCTH IIPUHITUI
COOTBETCTBHS.

Jlerko BUIETH, YTO WHIACKCUPOBAHNE BOCIIPON3BOIUT MMPHUBHITHBIC CBOMCTBA CTCTICHH:

1“=1, N'=N.

JlefiCTBUTENBHO, €CIIM KaXKIbI MHIEKC MOXET IMPUHUMATh TOJBKO OJHO 3HAYEHHUE, TO Y O0BEKTa C
JIIOOBIM YHCJIOM HMHJICKCOB OYJIET TOJBKO OFHA KOMIIOHEHTA; €CJIM MHJACKC TOJbKO OJWH, TO YHUCIIO
KOMITOHEHT PaBHO pa3MepHOCTH 0a30BOT0 MPOCTPAHCTBA.

Kaxmprii nuanekc npoberaeT u3mMepeHus 6a30BOro MPOCTPAHCTBA B OMPEEICHHOM Topsiake. Kak
y’K€ TOBOPHJIOCH, 3TO COOTBETCTBYET OJHOMY M3 BO3MOKHBIX OOpalleHHil mepapxuu, crnocoly ee
pasBepTeIBaHus. To e camoe cIipaBeJINBO U B O0IIIeM ciTydae, KorJja KOHCTPYHPOBaHUE ITPOCTPAaHCTBA
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BKJIIOYAeT HaJO)KeHHUE CBsi3ei U nmpoekuuu. [locnenoBareabHOCTh MPUMEHEHUS KKOHCTPYKTOPOB) €CTh
MIOJTHBIN aHAJIOT MPOCTPAHCTBEHHOT'O U3MEPEHHS TI0 OTHOLIEHHIO K Ha0Oopy MHIEKCOB. I TOYHO Tak xe,
Ha MHJEKCHI MOTYT OBITh HAJIOKEHBI CBSI3M, U BO3MOXXHO Pa3BEPTHIBAHNWE BHYTPEHHHUX MPOCTPAHCTB.
KosruecTBO MHICKCOB (MJIM KOMIIOHEHT HHJICKCHOTO MPOCTPAHCTBA) TOTAA BBIPAXKACTCS JHOOBIM
palroHAIBEHBIM (B Ipeiese BENIeCTBEHHBIM) YUCIIOM. Tak onpe/ensercs Mporu3BOIbHAS BEIIECTBEHHAS
CTETIeHb Pa3MEPHOCTH.

WnpexcHoe mpoctpancTBO pazMepHOocTH (), OYEBHAHO, 33[aeT CKaJSPHOE MOJE — YHCIOBYIO
(hyHKIMIO Ha 0A30BOM MPOCTpPAHCTBE. SICHO, YTO NM00as pa3MEPHOCTh B HYJIEBOU CTEIEHU NAeT HOJIb.
Bynem Ttaxke cumrtarh, 4TO Jt00As CTENEHb HYJIBMEPHOTO IMPOCTPAHCTBA TOPOXKAAET WHACKCHOE
NPOCTPAHCTBO 0€3 KOMIIOHEHT. 37eCh, OAHAKO, €CTh albTePHATUBHAS BO3MOKHOCTH: MOKHO CTPOUTH
pasHble OECKOMITOHEHTHbIE OOBEKTHI, KOTOPhIE MOTYT UMETh CKOJIBKO YTOJHO MHIEKCOB — HO Jr00ast
UX KOMOMHAIIMS HU HAa YTO HE CChUIAETCS U HU OT YEero He 3aBUCUT. DTO BIOJIHE aHAJIIOTHYHO TOMY, Kak
ecny Obl MBI pa3iuyanyd KOMIUICKCHBIE YUClia HYJeBOH (Miau OECKOHEYHOW) aMIUIUTYIbl C pa3HBIMH
(azamu (4T0, pasymMeeTcs, He MPUHSTO B OOJBIIMHCTBE COBPEMEHHBIX MATEMATHUECKUX TCOPHIA).

Cremnienn (—1) pasmeprocTH N ecTh CBs3b Topsaika N B MTHIEKCHOM IPOCTPAHCTBE, SKBUBAJICHTHAS
npoctpancTBy pazmeproct (—N). st TEH30pOB MOXHO IMPEACTABUTH CBSA3b HATJISIIHO KaK HUKHHN
(KoBapWaHTHBIN) MHIEKC, B OTIMYHE OT KOHTPABAPHAHTHBIX WHAEKCOB IJISI M3MEPEHHH HHJIEKCHOTO
npocTpaHcTBa. HanmokeHne Takoi CBSI3M — MPOCTO CBEPTKA CBSI3U C OJHUM 3 BEPXHHUX HHJIEKCOB, TaK
YTO 00IIee KOINYECTBO WHAEKCOB YMEHBINASTCS Ha €UHUILY, B TIOJTHOM COOTBETCTBHU C HHTYUTHBHO
oxugaeMoit kapTuHoi. OTHaKO BO3MOXKHBI U CBSI3U APYTOTO POJia, HETIPEICTaBUMBIEC HETTOCPEACTBEHHO
B BHJIC CTEMIEHH KAaKOT0-JIN0O MPOCTPAHCTBA: B YACTHOCTH, (PUKCAIHS OJHOU M3 KOMIIOHEHT 00BheKTa-
CTENleHH (WM HEKOTOPOH JIMHEWHOW KOMOWHAIMM KOMIIOHEHT) €CTh CBf3b pa3MepHOCTH —1 Ha
HWHAEKCHOM IMpocTpaHcTBe. B o0mem ciyuyae cBS3BIBAIOTCA 3HAYEHHUST MHOTHX KOMIIOHEHT; TIO
OTHOLICHHUIO K 6a30BOMY IPOCTPAHCTBY CBSI3M B HHAECKCHOM MPOCTPAHCTBE ABIISIOTCS CUMMEMPUAMU.
OHHM HE MEHSIOT pa3MEepHOCTH 0a30BOTO MPOCTPAHCTBA, HO MOTYT HaKJaJIblBaTh OTPaHUYEHHS Ha
JIMHAMUKY (BCIOMHHUM eIlie Pa3 O pa3inuyiy TeOMETPUIECKOM U TOMOJIOTHUECKOi pasmepHocTH). Korma
TaKWX OrpaHIYEHUI JOCTaTOYHO MHOTO (HE MEHBIIIE Pa3MEPHOCTH), CHMMETPHUHU CTAaHOBSITCS CBS3SIMHU.

KBanpar cBsi3u (mpocTpaHCTBa pa3MepHOCTH —1) MO CMBICTY €CTh CBSI3b, HAO)KEHHAs Ha CBS3b
(orpanmuenne cBs3n); 3G(EKTUBHO 3TO COOTBETCTBYET JO00ABICHHIO CTEMEHH CBOOOIBI. Takmm

00pasoM, I pa3MepHOCTEH (—1)2 =1.

5. Bemenenue

WNupekcupoBanue (BO3BEIACHHE Pa3MEPHOCTH B CTEIEHb) €CTh MEPEXOJ] OT OJHOTO YPOBHS
UepapXuu Pa3sMEPHOCTH K JAPYroMmy, OOBEKTHI KOTOPOTO CTPYKTypUPOBaHBI MHAuYe, YeM HCXOJHOC
MPOCTPAHCTBO. )i MPUBEACHUS UX K «IIPOCTPAHCTBEHHOMY» BHIy TpeOyeTcs ocobasi omeparus —
NEPeYMCICHIUEe KOMIIOHEHT. Takoe yHopsIodeHHe, pa3syMeeTcs, MOXKHO IPOBOIMTH IO-Pa3HOMY.
IIpuHIIUTIHATBEHO OHO HE OTJIMYAETCS OT MIEPEUNCICHIUS U3MEPEHUN OOBIYHOTO MTPOCTPAHCTBA — OTHAKO
HEOOXOAMMOCTh «CHSITHS» CTENEeHH, Nepexofa OT MHOTOMHIEKCHOW BEIWYHHBI K €IUHCTBEHHOMY
uHAeKCY (00Jee BEICOKOTO TTOPSIKA) OCTAETCS, U 3TO HE YUCTO hopMajIbHas, a MpaKTHIECKast OTIepaItus,
CBsI3aHHAs C BEIOOPOM MpeaMeTHOM obnacTu. [Ipy HAMYuyM CBSA3EH, TaKOH mepeXxo/T MOKHO CPaBHUTH C
KaHOHMYECKUMH MPE0O0Pa30BaHUSIMHU B aHAJTUTUIECKON MEXaHUKe.

Boo0rmie rosops,

1/k

RM™ 2RV,
Kaxxmoe Bo3BemeHne B CTENEHb (XOTA ObI M IPOOHYIO) €CTh IEepexoa Ha Oojiee BHICOKHI YpOBEHB
Hepapxuy, KOTOPHIA HE CBOJMTCS K HHXKEICKAIUM, MOCKOIBKY BO3MOXKHBI pasHble OOpaIIeHHs
Hepapxuyd — HEPAPXUUCCKUE CTPYKTYphL. PasiuuHble «mpooOpa3bl» MPOCTPAHCTBA-CTEIICHH MOXHO
Ha3BaTh BETBAMHU (JIUCTAMH, PEIUIMKaMu) 0a30BOr0 MPOCTPAHCTBA. ITO OOBEKTHI 0OJice BBHICOKOTO
YPOBHSI, KOTOPBIC UMEIOT Pa3HYIO Pa3MEPHOCTh, HO MPH 3TOM «U30MOP(hHBD Apyr Apyry. Hampumep,
JIBYXUHJCKCHOE MPOCTPAHCTBO Pa3MEPHOCTA | MOXKET OBbITh MOJIYYCHO KakK KBaJApaT OJHOMEPHOTO
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NPOCTPAHCTBA — HJIM KBAaJApaT CBs3U. B 3TOM ciydae BBIICISIOTCS JBE BETBU (Ba OOpalieHHs
HepapXuM MPOCTPAaHCTBA-CTENCHHU). ECiM HHIEKCHOE MPOCTPaHCTBO UMEET 00Jiee CII0KHOE CTPOCHHE,
BeTBel Oyzet Oonbiie (pU BEECTBEHHON CTENIEHN — BIUIOTH 10 OECKOHEYHOCTH).

Oco0bIil HHTEpEC MPEICTABIAIOT BETBHU JUIS CBS3U HA UHICKCHOM IPOCTPAHCTBE paHra 2 (CBs3U
Ha KOMITOHEHTHI KBaIpaTHOW MaTpHIIbl). Takas CBS3b HMEET FeOMETPHUECKYIO Pa3MEPHOCTD —1, a TIOUCK
BeTBe (hopMalibHO TpeOyeT U3BJICUCHHUS KBaJAPATHOTO KOPHS. Tak MbI IPUXOJAUM K TIOHSATHIO MHUMO#
pasMepHOCTH (+i) U MHUMOM CBsA3H (—i) — ¥ K TEOPHM IIPOCTPAHCTB IPOU3BOILHON KOMIUIEKCHOMI
Pa3MEepHOCTH, KOTOPBIE B MPOCTEUIIIEM Clydae MPECTABISIOTCS B BHIC «ICKAPTOBa» MPOU3BEACHUS
BEIIECTBEHHON 1 MHUMOHN YacTH.

1984

KBaHTOBasA Teopma mMHoOXKecTB

OCHOBHBIE TIOHATHS KJIACCUYECKOW TEOPHH MHOXECTB HE(OPMalbHBI: MHOYKECTBO, JJIEMEHT,
MIPUHAJICKHOCTh U HENPUHAAIEKHOCTh, TOKJIECTBO, PAaBEHCTBO M HEPAaBEHCTBO. B 3aBHcuMocTH OT
MPUHATHIX TPaBUI YHOTPeOJICHUs MOSBIAIOTCA pa3IMyHbIE KJIACCHYECKHEe TeOpHUH; HO (popmMasbHas
aKCMOMaThKa — 3TO He ONpeNeNieHHE, a BCEro JIUIIb (BBIPAXKAsCh (HU3MUECKHM SI3BIKOM) «CBSI3bY,
OTpaHWYEeHHE Ha BO3MOXKHBIE KOHCTPYKIIMH, HE CHHMAIOIIEe MHOTO3HAYHOCTH 0a30BBIX TEPMHHOB.
Korpa 3axomur peds 00 aHanmoruax ¢ (U3MKOW, NPUXOIUTCA BBIOMpATh OIHY W3 BO3MOXKHBIX
MHTEPIIPETALNH; 3TO HOPMAJIBHO ISl BCSIKOW HAyKH, M HE BBI3BIBAET OCOOBIX MPOOJIEM, IIOKAa MBI HE
OpuaaeM HU OJHOH M3 BO3MOXKHBIX aOCTpakLUil NpeuMyllecTBa Hepea IPYyTUMH, IIOMHUM, YTO y
Ka)XJIOi TEOPHH e€CTh CBOs 001acTh npuMeHnMocTH. C APYroi CTOPOHBI, Mbl HUKaK HE OIPaHUYEHBI B
BHIOOpPE BO3MOJXKHBIX MOZAEJIEH — U MOTOMY CMEJIO Pa3BUBAEM CKOJb YIOAHO K30THUECKHE HIECH B
HaJeX[e, 4TO JJIsl 4ero-HUOYAb M OHU CTOISTCA.

TpaauuuoHHBIE MaTEMaTHYECKHE OOBEKTHI 110 CBOCH CYyTH CTaTHYHBI: IPEAIOIAaraeTcs, 4To OHU
NPOCTO AaHbl — a MaTEeMAaTHK JHIIb H3y4YaeT CBOWCTBA ATOH JaHHOCTH. JTO BIOJHE MOJOOHO TOMY, KaKk
MBI OTHOCHIIUCH K MHpY A0 XX Beka, B KIacCHUECKON (u3uKe. B 3TOM KOHTEKCTE, MHOKECTBO €CTh
caMo 110 ce0e, ¥ OHO HUKaK He 3aBUCHUT OT HAIIUX MaHUITYJIALUH ¢ HUM. KTO-TO ero 11 Hac U3roTOBHII,
U MBI CIIOKOWHO paboTaem, 3Has, YTO HUKyJa OHO OT Hac He yOexxuT. COOTBETCTBEHHO, €CIIH €CTh
HECKOJIFKO MHOXECTB, MBI MOKEM JIeJIaTh C HUIMH YTO YTOJIHO, ¥ pe3ysIbTaT Oy/eT OJUHAKOB, IS BCEX
U BCeTJa.

OCHOBHOE CBOMCTBO BCSIKOTO MHO>KECTB — HAJIMYKE 3IEMEHTOB. BO3MOXHO, 37IEMEHTBI €CTh U Y
Yero-To ele, KpoMe MHOXKECTB, — HO TO, y YeTO HET 3JIEMEHTOB, 3aBEIOMO MHOKECTBOM HE SIBIISIETCS.
B wacTHOCTH, TEPMUH «IIyCTOE MHOXECTBO» — HE OoJiee 4eM COKpalleHue Uil TeKCTa BpOJe: He
CYLIECTBYET MHOXECTBA, TAKOI0, YTO... MOXHO MPHUIATh 3TOMY MOHATHIO U OOBEKTHOE COAEepIKaHUE
(BBIOMpAs OJTHY M3 BO3MOKHBIX MOJIETIEH ), OTHAKO MHOKECTBOM OH HE CTaHET BCE PaBHO.

MHoxecTBa ObIBarOT pazHeie. Korga MHOKECTBO MajJeHbKOE, Mbl MOXEM IEPEUHCIUTh BCE €TO
9IEMEHTHI — OXBAaTHTh UX OJHHUM B3IJISLIOM, M XOTA OBl yKa3aTk coco0 mepedopa BcexX 31eMEHTOB
3a KOHEYHOE (TO €CTh, YKJIaJbIBaIOIIeeCs B PAMKU JaHHOH JIeSTeIbHOCTH) BpeMs. [ oueHb OombImx
MHO>KECTB TaKO€ B IPUHLIMIIE HEBO3MOKHO; B JTyUILIEM CIydae, Mbl MOJKEM yKa3aTh, Ha YTO ITO MOX0XKeE:
OTPE30K MPSIMO, COBOKYIMHOCTD (DYHKIIHIA, HJTK €1Ile YTO-HHOY 1b. IHOT1a 1 3TOT0 Cle/iaTh He YIaeTCs;
KOE-KTO JIa)Ke OTKa3bIBAETCS CUMTATh TaKWe HEOOBATHBIE 00BEKTHI MHOXKECcTBaMH. Ho momycTum, 9To
MBI KaKUM-TO CIIOCOOOM 3aIl0JIydmId TaKOTo MoHcTpa. Ilepen Hamu aBe poGIIeMBl: C OITHON CTOPOHBI,
€CII MBI 110 XH3HH CTOJIKHYJHCH C 4YEM-TO JOCTaTOYHO ONPEAEIECHHBIM, BCTAET BOIPOC, HE SBISIETCS
JI¥ OHO 3JIEMEHTOM JJaHHOT'O MHOECTBA, — TO €CTh, IOJDKHA CYILECTBOBAaTh 3 GeKTHBHAs MpoLeaypa
OIpeneNieHNUs MPUHAIIS)KHOCTH Y€ro yroIHO HaleMy (IyCTh AaXKe O4EeHb 0OJbIIOMY) MHOXKeCTBY. C
JOpyroi CTOPOHBI, €CIM MBI XOTHM, YTOOBI 3TO OBUIO MHOXKECTBOM, HaM HaJ0 YMETb NPEIbSIBHTH
myOnrke XOoTst Obl OJUH €ro 3JIEMEHT — TO €CTb, MBI 3HAEM NPAKTUYECKUH CIIOCO0 3allyCTUTh PYKY
BHYTPb MHOXKECTBA U BHITAIIUTD («BBIOPATH») HEUTO, EMY 3aBEIOMO NpUHAaIexKaliee (IpuieM UIMEHHO
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KaK 3JIEMEHT, a HE MOAMHOXeCTBO). O0e 3TH MPOoLEeayPhl MOTYT OKa3aThCsl BEChMa HETPUBUAJIbHBIMH;
COOCTBEHHO, UX BBIPa0OTKOM KaK pa3 U 3aHMMAETCs JIt00as U3 00acTell KiacCuuecKoi (PU3MKK: BCAKas
HayKa B IPOIECCe CBOETO Pa3BUTHUS ONPEACISIET CBOM MpeIMeT.

O MIPUHAIJIIC)KHOCTHU B KJIACCUYECKOM TCOPHUHU MHOXKECTB T'OBOPHUTH MOYKHO TOJIBKO €CJIM MBI IBHO
KOHCTPYHPYEM MHOXECTBO — TO €CTh HCXOJWM M3 YK€ TOTOBOH INpEeIMETHOW OOJacTH W JIWIIb
orpaHWYMBaeM (MPSMO WM KOCBEHHO) IMPaBO €€ SJIEMEHTOB NPWHAIEKATh JAHHOMY MHOXKECTBY.
Hukako#i yHIBepCYyM NPHUHIINIHATIHLHO HEOTIPEAETNM B paMKaX TEOPHHA MHOXKECTB; IMEIOIIHECS Ha 3TOT
CYET MPEeUIOKEHHUS BCETIa COJIEpIKaT JIOTHYECKHIA KPYT: 3apaHee MPeInoaraeTcs To, 9YTO MBI XOTHM B
WUTOTE TIOITYYHTb.

Bri6opku Toxke nmeno He mpocroe. Ho eciu Bce e Mbl Kak-TO JJOTOBOPHIIUCH O TEXHOJIOTHUSX,
MHO’KECTBA 110 OTHOIIIEHHUIO K MPOIIeype BEIOOPKHA MOTYT BECTH ce0sl I0-pa3sHOMY, U 3TO HE MPOU3BOI
MaTeMaTHKa, a BEJICHHE TOW MNPEJAMETHOW O00JacTH, K KOTOPOH ero mareMaTHKa MpUIaracTcs.
TpaI[I/IHI/IOHHaﬂ TCOPUA MHOXKECTB UMECT ACJIO0 C TAKUMU COBOKYITHOCTAMHU, B KOTOPBIX HE MOXKET 6I>ITI>
OoJblIe 0JJHOTO 00BEKTa KKIOro TUMa. Eciy MBI BBITAIIMIIM TIPU BBEIOOpPKE 3JI€MEHT — IMOIy4aeTcs
JPyroe MHOKECTBO, B KOTOPOM TaKOT'O 3JIEMEHTA yKe HeT. MHOXKECTBO KaK CUCTEMa pacrasiaeTcsl Ha
JIBE YaCTH: 3JICMEHT U OCTATOYHOE MHOXKECTBO (KOTOPOI'0 B KAKHX-TO CJIydasX MOXKET M HE OKa3aThCsl).
Taxue mpeBpareHns HaM XOPOIIO U3BECTHHI U3 (PH3UKHN 1 XUMUH. PazymeeTcs, MOXHO 000UTHCH 1 03
YeJIOBEYEeCKOTO BMEIIATEeNECTBA, €CIM MHOXECTBa B paMKax KaKOW-TO TEOPHH B3aUMOJICHCTBYIOT U
00OMEHUBAIOTCS dJIEMEHTaMHU.

[TpOTHBOIIONOXKHEIM BapuaHT — HECKOJBKO 3JIEMEHTOB OJIHOTO THIIA B OJHON COBOKYITHOCTH,
KOTOPYIO MBI JIOJDKHBI ObUTH ObI Ha3BaTh YK€ MHAYE: HAIPUMEp, KHA0OP» — BMECTO «MHOXeCTBO». B
TeX ClydasX, Korja cymecTByeT 3¢ (eKTHBHAs MpOleAypa OMpPEeNICHUs KOJIMYECTBa 3JICMEHTOB
OJIHOTO THIIa, HA0Op OKAa3bIBACTCS MHOXKECTBOM; BOOOIIE TOBOPS, 3TO He Tak. J[is Habopa-MHOkKeCTBa
€CTh pa3HbIe TpejcTaBlicHus. Hampumep, MByXypOoBHEBas CTPYKTYpa, B KOTOPOIl Ha HU3IIEM yYPOBHE
BCC€ DOJICMCHTBI pa3jIMdMMbl, a Ha BCPXHEM — O6LCZII/IHCHI)I B KJIacChl JKBHUBAJICHTHOCTH.
COOTBETCTBEHHO, TOJIHOE KOJHYECTBO DJIEMEHTOB Ha HUKHEM YPOBHE — M KOJHYECTBO KJIACCOB
SKBHBAJICHTHOCTH Ha BeICIIEM. B cTaTncTHUEeCKOM npeacTaBJICHUNU — MBI TOBOPHUM O TOM, 4YTO Ka)i(llblﬁ
OJICMCHT IMPUHAMIC)KUT MHOXKECTBY C KaKoOM-TO BEPOATHOCTHIO: KOJIMYECTBO 3JICEMCHTOB OJHOI'O THUIIA
OTHECEHO K TOJTHOMY KOIIMYECTBY 3JI€MEHTOB. {71 OONBIIMX MHOXKECTB CTaTUCTHYECKOE OINMCAHHE
MOXXET OKa3aThCAd NPEANOYTHTEIbHBIM (WIH AaKe €IUHCTBEHHO BO3MOXKHEIM). lIpomexyTounble
MIPEICTaBICHUS UIMEIOT JIENI0 CO CTATUCTUIECKUMH BECaMH ITPOU3BOIBHOTO BH/IA K COOTBETCTBYIOIIUMHU
CTaTHCTUYECKHUMH CyMMaMU; KOHKPETHBIH BEIOOP MBI J€NIAeM M3 YUCTO MPAKTUIECKUX COOOpakeHUH.

Opnnako B JIFOOOM ClTydae KIACCHUYECKash TEOPUS UMEET N0 C «TOTOBBIMH» MHOXKECTBaMH,
HCCIIEIOBATh KOTOPBIE MOXHO CKOJIb YTrOAHO n1oiro. Jlobas CcTpyKTypHas IepecTporka s
KJIACCHYECKOTO HAOIIOJATeNsl BBINIIUT KaK «CHUHTYISIPHOCTBY, «KaracTpoda», win «(ha3oBblid
Mepexo/» — KOHEIl OJHOT0 W Hayayio Jpyroro. Hac MHTEpecyroT IUIaBHbIC W3MEHEHHS B 30HAX
HETPEPBIBHOCTH; HAa UX CTHIKAX HOBBIE YCTOHYMBBIE O0Opa30BaHMUs YCIIEBAIOT BIIOJIHE C(HOPMHUPOBATHCS
OT OJIHOTO aKTa KMU3MEPEHUS» K JAPYTrOMY.

KBaHTOBBIA 3KCHEPUMEHT OTIMYACTCS OT KJIACCHYECKOI0 IMPEXIE BCEr0 BMEUIATEILCTBOM
HaOmogaTenss B IMOBeAeHHWE HAOIIOZaeMoil CHCTEMBI: CHadalla MBI TOTOBHM TO, YTO COOHMpaemcs
Ha0IIOAaTh — a MOTOM YiKe CooOpaxkaeM, 9To, COOCTBEHHO, MBI IPUTOTOBMIHN. Kiiaccuaeckas dhusmka
0OBIYHO CIIEyeT TOH XKe CXeMe — HO 37€Ch 3Tall MOATOTOBKH HUKAaK HE CBSA3aH C 3TAllOM H3MEpEHWS,
OHH pa3HECEHBI B IMMPOCTPAHCTBE, BO BPEMEHH, HIIH ellle KaK-HUOY/Ib; Tpy00 TOBOPSI, MPUTOTOBICHHAS
CUCTEMa JXUBET JOCTAaTOYHO JOJIT0 M YCIEBAeT 3a0bITh O TE€X, KTO €€ MPUTOTOBUII, /IO TOTO KaK KTO-TO
JIpyroil HayHeT ee m3y4yaTh. KBAaHTOBYIO CHCTEMY MBI YNOTpeOIsieM cpa3y JKe, HHOTJa B CaMOM
Mpollecce e¢ MPUTOTOBICHHS. [loxoxee pa3indyue CYIMECTBYeT MEXKAY KHHOKAPTHHOH — U
TeaTpajbHOM MOCTaHOBKOM, MEXIy MEpenrcKoil — U ’KHUBOH Oeceqoii. Pasymeercst Bo BceM ecTh CBOM
rpaganuvu, 1 pasiniynue KBAHTOBBIX MHOKECTB OT KJIACCUYCCKUX CYHICCTBYCT JIMIIbL Ha OJHOM YPOBHC
UepapXuu, MPHU OMPEJICIICHHOM CIIOCO0E ee pa3BepThIBAHUS.

KBanToBas JUHaAMHUKa LOCJIUKOM TIIOMEHIACTCAd B KIACCHUYECKHUE TOYKU CHUHIYJIAPHOCTH!
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KJIACCHMYECKOE JIBUKCHHME O U IMOCIe — JJIsi KBAaHTOBOW TCOPHM JIMINb HAYAJHbHOEC W KOHEUHOE
COCTOSIHME, acCUMNTOTHKA. CaMOe HHTEPECHOE BHYTPU — HO HEMOCPEICTBEHHO HAOJIOaTh MBI €r0 HE
MOXKEM (He mnmpeppaniass TEM CaMbIM B KJIACCUYCCKOC ):[BI/I)KCHI/IC) 1 OO0JIKHBI AO0TraAdbIBAaThCA IIO
KOCBCHHBIM ITPpU3HAaKaM, COIMOCTABJIAA CTPYKTYPBI Ha BXOJZIC 1 HA BBIXOAC.

KBanToBoe MHOECTBO (HJTH, BOOOIIIE TOBOPS, HA00OP) — 3TO KaK-TO MPUTOTOBJICHHAS CUCTEMA B

OTIPE/IETIEHHOM COCTOSIHHH, KOTOPO€ MBI aOCTPAaKTHO IPENCTABIIEM «BEKTOPOM) COCTOSHUS |A>

Bo3mosxHbIE B TaHHOH CXeMe IMPUTOTOBIICHHSI MHOXECTBA BCE BMECTE MBI MeTaOpHIeCKH 00bEeTUHIEM
B HEKOTOPBI YHUBEPCYM —«KOH(PHUTYpAIIIOHHOE IIPOCTPAHCTBOY». UTOOBI BEISICHUTD, IPUHAICKUT JIH

3JICMCHT & MHOKCCTBY A, MBI BBIYHUCIIACM YHUCIIO <a| A> , KBaJgpaT MOAYJId KOTOPOro Ja€T HaM CTCIICHb

MIPUHAIICKHOCTH dJIEMEHTa & MHOXKeCTBY A (ctatuctudeckuii Bec). [1oap3ysick BekTopHOI MeTadopoit,

MbI MOXXEM CKa3aTb, 4TO <a| MIpeaACTaBIISACT HEKHH <((1)YHKLII/IOHaJ'I» Haa OpOCTPAHCTBOM MHOKCECTB

JaHHOTO ypoBHs. COBOKYIHOCTh TaKUX ()YHKLMOHAJIOB U 3aaeT IPeAMETHYI0 00nacTh Teopun. Haue
rOBOpS, 3TO KakK pa3 TO, YTO MBI B PE3yJIbTaTe CBOECH NEATEIBHOCTH XOTUM MOJyYUTh, €€ IPOIYKT.

OZ[HOSJ'ICMCHTHOG MHOKECTBO, COACPKAIICE TOJBKO DJIEMCHT a, MOXKHO 0003HAYNTH KaK |a> , Ipn

3TOM <a| a) =1 (B oOmiem cimyyae eTUHHUIIA MOKET OBITh HE YHCIIOM, & YeM-TO BpoJe O-PyHKIINU — TO

€CTb, ellle OHUM (DYHKIIMOHATIOM), a JUIs JIFOOBIX APYTHX 3JIEMEHTOB b 13 mpeameTHol obnacT Teopuu
(bla)=0.

3nech Moka He BUHO CYNIECTBEHHBIX OTIIMYHMN OT KIACCUYECKOH TEOpHUH MHOXKeCTB (HabopoB):
Nepexo/l OT BEPOSTHOCTEH K aMIUTUTYJaM HUYEro He MEHseT caM Mo cebe, 3TO JIHUIIL CBOEro poja
«3aMeHA TIEPEMEHHBIX», «II0JICTAHOBKA» — CMEHA TOYKU 0003PCHMSI; Ha BBIXO/IC BIIOJHE KIIACCUYCCKHE
BeCa AJIEMEHTOB, U T10J1h3a OT HOBOBBEJICHHS HE OYCBH/IHA (a2 MHOT/Ia M COMHUTEIbHA). Tak OHO U OyJieT,
MOKa MbI TOBOPUM 00 YK€ NMPUTOTOBJICHHOM MHOXECTBE, HA KOTOPOE Mbl HE OKa3bIBaEM HHKAKOTO
BJIUSIHWA, @ TOJIBKO JIMIIb U3MCPACM CTCIICHU NPHUHAAJICIKHOCTH. Kunemarnueckas KapThuHa BCETrAa
(hopmupyeTcst Ha ypOBHE MAaKPOCKOIINYECKOTo (KJIAaCCHYECKOT0) HabIro1aTelNsl — TMOCKOJIbKY B KOHIIE
BCEro HaM HYKHbI COBCPIICHHO MPAKTUYCCKUEC BEIIU, IPUT'OJHBIC K IOBCCIHCBHOMY YHOTpe6J'IeHI/IIO.
Bce pasnuune — B xapakTepe JAMHAMHUKHU: KJIACCHYECKUE MHOXKECTBA B3aMMOJICHCTBYIOT Ha YPOBHE
HaOJI01aeMbIX, KBAHTOBBIE — HA YPOBHE aMILIUTY .

[TockonbKy pedsb UAECT 0 MaTeMaTHke (Hayke O CTPYKTypax BooOIIe), TMHaMUKa He GUTYPUPYET
B TCOPUH HEMOCPEJCTBCHHO, OHA JIOJDKHA OBITH MPEJCTaBICHA OCOOBIMH CTPYKTypamMu. B KBaHTOBOI
nmapajurmMe, Mbl acCOIMUPYEM BCSKHE W3MEHEHHS COCTOSHHS (IBIKCHHE B KOH(DUTYPAIHOHHOM
IIPOCTPAHCTBE) C «oreparopamu». C OJHON CTOPOHBI, peYb HACT O MPEOOpa30BaHUH MHOXKECTB — TO
ecTh, 00 olepamnusx HaJ MHOXECTBAMH B 33JIaHHOM YHHBEpPCYME; C JPYIOd CTOPOHBI, BCSIKOE
COIIOCTABIICHUE OJIHOTO MHOXECTBA C JAPYTUM €CTh TOXE CBOET0 pPojia MPeoOpa3oBaHUE — U MTOTOMY
Pa3IMYHBIC OTHOMICHUA MEXKIY MHOXKXECTBAMU TAKXKC IPEACTAaBUMBI OIICpaTOpaM — XOTA, BO3MOXKHO,
HWHOI'O THUIIA.

B yacTHOCTH, OTHOIIICHUE TPUHAJICKHOCTH IJIEMEHTa MHOXKECTBY TPEOYET MEePEOCMBICICHHUSL.
Kazanock Ob1, mpocTas Belllb: Mbl HE HMEEM TPABO HETIOCPEACTBEHHO COMOCTABISITh 00BEKTHI pa3HOTO
Tuna (pasHbIX YpoBHEH). MOXKHO CPaBHUBATH DJIEMEHTBI C JJIEMEHTAMH, & MHOXKECTBA C MHOYKECTBAMU;
JUISL COTIOCTAaBJICHUSI DJEMEHTOB C MHOXKECTBAMH HAJO KaK-TO TMPHBECTH HMX K OOIIeMy THUIY.
Tpanuuuonnas 3amuch a € A — IUIOb COKpAIlEHWe JUIS TOCIEIOBATEIbHOCTH HETPHBUATBHBIX
MPOIeAYp, Kaxaas U3 KOTOPBIX TPeOyeT ONpeleNeHHBIX YCIOBHI OCYIIECTBUMOCTU. BOJBIIMHCTBO
ATUX YCJOBUH SIBHO HE OTOBAPUBACTCS, M MATEMATUK B JIIOOOM PacCYKICHUU 3apaHee Mperoiaraer,
YTO €r0 MHUpP YCTPOEH IOCTaTOYHO XOpPOIIO, YTOOBI MOJIYYHJICS MMEHHO TOT pe3yJbTaT, KOTOPBIi
nmpeamnojaracTcsd rmojry4uThb. Jlornueckune 3aTpyAHCHUSA NPUBOJAT K TOMY, YTO HEKOTOPLIC MATEMATUKN
BOOOIIE OTKA3bIBAIOTCSI TOBOPUTH 00 DJIEMEHTaX — W CPABHUBAIOT TOJIHKO MHOKECTBA; OIHAKO HA CAMO
JIeJIe 9TO JIMIIb 3aMETaHHUE MyCOpa IOJ KOBEp: Te ke TPYIAHOCTH 00s3aTEIbHO MOSABATCA B IPYTHX
MecTax, B [pyroM BUjIE.
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B xBanTOBOI1 TCOPUN MHOXKCCTBA IMPECACTABJICHBI «BEKTOpPaMH COCTOAHUA», a IJIEMCHTBI —
«pyHnkuonanamm». Paznuume cpazy Opocaercs B Tiaza. CONOCTaBUTH OJHO JAPYrOMYy — JIENO
HEMPOCTOE, M 37€Ch BO3MOKHBI Pa3HBIE TEXHOJOTHH (WM, COOTBETCTBEHHO, BECbMa Pa3HBIE TEOPHH).
OnHako B JIIOOOM cllyyae €cTh JIBa B3aWMHO JIONOJHUTENBHBIX MOJXO0JA: JHOO MBI 3JIEMEHTHI
npeoOpazyeM B MHOXKECTBA M CpaBHMBacM MHOXKECTBa — JH00, HA000POT, MHOXKECTBA CBOJHUM K
aneMeHTaM. TpeTHil MyTh, KOT/Ia M 3JEMEHThI, I MHOKECTBA MPHBOJAT K YEMY-TO CHHTETHYECCKOMY,
03HaYaeT Ha JieJie BhIXOJ] 32 PAMKH COOCTBEHHO TEOPHH MHOXKECTB.

[lepBrIit crtocob onupaeTcst Ha 0co0yI0 ONepaIuio HaJl MHOXKECTBAMU — MPOEKIIUIO; TI0 CMBICTY
9TO BBIJCNIEHUE «YACTH» MHOXECTBA (B KIACCHYECKOH TEOpHH — MOAMHOXeCTBa). i BBIIACIECHUS

, TaK 4TO MPOCKIUA

€JMHUYHOI'0 DJIEMCHTA a COOTBCTCTBYIOH_II/Iﬁ OIIepaTop 3allUCBhIBAKOT KaK |a><a

n300pakaeTcst KaKk |a><a| A> — YTO BBITIISANT, Kak OyaTo aneMeHTy ((pyHKIIMOHATY) COMOCTaBICHO

HEKOTOPOC OAHOIJIIEMCHTHOC MHOKCECTBO (BeKTOp); TaKUM 06p330M, IO OTHOIICHHUIO K ,Z[aHHOfI
HpeﬂMGTHOﬁ 00J1aCTH MHOKECTBO npeacracTt JIMHCHHOH KOM6HHaHH€ﬁ OJHO3JICMCHTHBIX MHOXKCCTB:

|A) =2 [a)(a[ A) = 2 |a)y. (A).

To e caMmoe MHOKECTBO MOYKHO OTHECTH K JJPYrod MpeMETHON 00JIACTH U MOJTYYHTh KaKOoe-TO HHOE

|A) = 2|b)(b[A) =2 [b)u (A).
@DopMaTbHO 3TO «YCIIOBHE ITOJIHOTHD 3aITHCHIBAIOT KaK
2.[a)(a[=1, > |b)(b|=1,

OJTHAaKO HaJI0 MOMHHTB, YTO JTAJICKO HE BCETIa MPOCTPAHCTBA AJIEMEHTOB a U D COBIaIaloT — 3TO BOBCE
HE Tepexo]i OT OAHOro «0a3ucay K APYroMy, a pacCMOTPEHHE TOTO K€ CaMOro ¢ KakOW-TO APYroi

IMpeaACTaBJICHUE:

(MHOTIa TPOTHBOTIIOIOXKHOM) CTOPOHEL. Hanpumep, rpad MOKHO IpeICTABUTH KaK MHOYKECTBO BEPIIVH,
COCIUHCHHBIX CTPCJIKAaMHU — HJIM KaK MHOKECTBO CTPCJIOK Pa3JCIICHHBIX BCpUIMHaAMU; YIIPABJIATH
KOMITBIOTEPOM MOYKHO JIUOO C KJIaBUATYPhI, B KOMaHIHOW KOHCOJH, — JTMOO0 MBIIIbIO, B TpadguieckomM
uHTepdeiice. CyTh 1ena Mpu 3TOM HE MEHSETCS] — a BBITJISIIUT OYEHb MT0-Pa3HOMY .

3ameTuM, 4To 00BEM Oasmca, BOOOIE TOBOPS, HUKAK HE CBSI3aH C MOIIHOCTHIO MHOJKECTBA.
Hampumep, B aTOMHOH (PH3HKE OJHU H T€ K€ BEIMYHNHBI MOKHO BBIYHCIISTH JINOO HHTETPUPOBAHUEM 110
COCTOSTHUSIMU HETIPEPHIBHOTO CIIEKTpa — JHO0 CYMMHPOBAHUEM IO JUCKPETHOMY 0aszucy. B nmoruke
0a3uc W3 ABYX AJIEMEHTOB | M F HCIONB3yeTcs Ui OLIEHKM CaMbIX Pa3HBIX BBICKAa3bIBAHUH — WX
MPEIMETHOE COACPIKAHUE M CMBICI JIJIsl IOTHYECKOH OIICHKH He CyIIeCTBeHHBI. OIHY U Ty XKe 33aJaqy
MOJKHO PEIIUTh HAJISKHBIM, HO TPOMO3JIKMM CITIOCOOOM — WJIM HECTaHJIAPTHO M DJICTaHTHO.

Boo0r1iie ToBopsi, MPOIYKT ACITEIBHOCTH OTIUYACTCS OT ¢ 00beKTa (MCXOAHBIX MAaTepPHAIIOB U
TexHoJoruit). OnHaKo ObIBAIOT CUTYAaIUH, KOT/Ia H OOBEKT, U MPOAYKT pacCMaTpUBaIOTCs Y3KO, JIUIIb B
OOAHOM M3 BO3MOXKHBIX 4aCHCKTOB — W Ppas3jiniuc CHUMACTCA. TaK, B pBIHO‘-IHOﬁ OKOHOMMHKE
MAaTCpPUAJIBHOC U JYXOBHOC ITPOU3BOJACTBO NPEACTACT ABUKCHHUEM MEHOBOH CTOMMOCTH, a B CTPYKTYpE
Hay4YHOM TCOPHH ACAYKIIUSA IEPEXOAUT OT OJHUX UCTUHHBIX CY)KIACHUN K APYTUM.

Ha mpaktuke ynoOHee paboTaTth B OpTOroHaIEHOM Oasuce. Ho, kak ¥ B KITACCHIECKOW TECOpHUH,
9TO BOBCE HE 005A3aTENIBHO: MPUCYTCTBUE OAHOI'O JIEMEHTa MOXKeET (B KaKOH-TO Mepe) IpearosaraTh
MIPUCYTCTBHE APYroro. B KBaHTOBOH TEOPHH OPTOrOHAIBHOCTD O3HAYAET, YTO KaXKI0€ OJHOIICMEHTHOES
MHOECTBO SABJISETCS COOCTBEHHBIM BEKTOPOM HEKOTOPOTO (PMKCHPOBAHHOTO OTEepaTopa.

ITepexon oT ogHOTO 6a3uca K APyromMy GOpMaibHO 3aIMUCHIBACTCS KaK

[A)=2[a)(a| A) = 2_[b)(b] p[a)(a] A).
To ecTs,

vy (A) = Zpba'//a (A).

B npocreiimem ciydae, koria 6a3ucs a u b onpeaeneHsl B OTHOM U TOM e IIPOCTPAHCTBE, «OIIePaTop
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IIJIOTHOCTU» p MOXKET 06pamaTLc;1 B €AVHUIY — W p€Yb UIACT O MEPEXoaax MEKAY SKBHBAJICHTHBIMU
npecTaBIeHMsIMA. B o0mem ciydae TpeOyercsi MPUBECTH OJIHO MPOCTPAHCTBO K JIPYTOMY, YTOOBI
C/IeNaTh MX COMOCTABUMBIMH — CIOCO0 TaKOTO MPUBEACHUS 3aBHCUT OT KOHKPETHOW MpEJIMETHOM
o0yacTu M Xxapakrepa 3ajaad.

TpakToBaTh MHOXECTBA KaK COBOKYITHOCTB 3JIEMEHTOB — 3HAYUT YMETh SIBHO KOHCTPYHPOBATh
ux. [TocKONBbKY B KJIACCHYECKOH TEOPHH KOHCTPYHPOBAHHE OTAEICHO OT HAOJIIOACHHMS, MOSBISIETCS
WLTIO3US €IMHOBPEMEHHOTO TPHCYTCTBUS BCEX HJIEMEHTOB MHOKECTBA: OHM BCE BMECTE ITOIAIAIOT B
0Jie 3pEHUsI U OJUH 3JIEMEHT HUKAK He BblAesieTcs Ha GoHe Apyrux. KBaHTOBas Teopusi MHOXKECTB
MPEACTABIAET OIEepaluyu N00aBICHUS WM H3BATUS DJIEMEHTa COOTBETCTBYIOLIMMH OIEpaTOpaMu:

3amuch a’ | A> = | a, A> roBOPUT O TOM, YTO IIOCJIC Z[eﬁCTBPIH «ormeparopa pOoXIACHUSI» a+ Ha MHO>XECTBO

A 06pa3yeTcsI HOBO€ MHOKECTBO, CKOpEC BCEIro (HO, KaK YKa3aHO HHXXC, BOBCC HC 06H3aTeJ'IBHO)

coJieprKaliee dJIEMEeHT &, — TO €CTh, Mbl O)KU/IaeM, UTO <a| a; A> # 0. OOparHas oneparus: AeHCTBYs

«OMEepaTopoOM YHUUTOKEHUSD & Ha MHOYKECTBO |a; A> , MBI O’)KHJITa€M BOCCTAHOBJICHHUS MHOXKeCTBa A.

Takum crioco00M MOXHO SIBHO KOHCTPYHPOBATh JTI00bIe KOHEYHBIE PACHIIMPEHUS UICXOTHOTO MHOXKECTBA
A, KOTOpO€ B JJaHHOM CiIy4ae HrpaeT poJjib «BaKyyma» — (OHOBOT'O COCTOSHHS, IO OTHOIIEHHUIO K
KOTOPOMY MBI pacCMaTpHBaeM BCE OCTalbHOE. MOXKET MOSBUTHCS COONIa3H B3ATh B KA4eCTBE BaKyyMa
MyCTO€ MHOXKECTBO — W CTPOMTH TEOPHIO a0COIIOTHBIM 00pa3oM. Ho mycroe MHOXKECTBO — 3TO He
MHO>KECTBO, M MBI HE IMEEM IIpaBa 00pamaTsCcsi ¢ HUM Kak ¢ 0OBIYHBIMUA MHOKE€CTBaMH (M B YaCTHOCTH,
JIefiCTBOBATh HA HETO ONEpaToOpaMHM, ONPEIEIeHHBIMA JJIs1 MHOKECTB). TOYHO Tak k€ B COBPEMEHHOM
(hm3nuKe BaKyyM — JIHIIb YCIOBHOCTh, YPOBEHb OTCUeTa. BeTpewas B ¢pusndeckoM TekcTe (hopMyIry

BpoacC a |0> =0 ,» MbI IOJDKHBI IOHUMATh 3TO KaK HAUOMY, YCIIOBHOC 0003HaucHUE AJIs1 COBOKYITHOCTH

HAJIOKEHHBIX Ha (PU3MYECKYIO CUCTEMY CBS3€H; BO MHOTUX CIydasX ONEpPaToOp YHHYTOMKEHHS YACTHIIBI
MOYKET PAaCCMAaTPUBATLCS KaK ONEPATOP POXKICHUS aHTUYACTULBL: & |0> = |§> , ¥ BO3MOYHBI COCTOSHUS
C OJJHOBPEMEHHBIM TIPUCYTCTBHEM HECKOJIBKUX YACTHII U AHTUYACTHUIL (BPOJE DIEKTPOH-TIO3UTPOHHON
mapel, WIH CHCTEMBI CBOOOHBIA 3JIEKTPOH + IbIpKAa NP HOHM3AlMK aroMoB). TOYHO TaK Ke,
a‘|A> = |§; A> (MHOYXKECTBO C <«IBIPKON», aHTH-3JEMEHTOM); KaK HMMEHHO CJIEAYET PEaan30BaTh
n00aBIIEHUE I YHUUTOKEHHE DIIEMEHTA — 3aBUCHUT OT IPEMETHOM 00mactu. Harpumep, nobGasienue
SJeMeHTa HE 00A3aTENbHO CBA3aHO C €r0 BO3HUKHOBEHHMEM, a JIMINL YBEJIHYMBAET KOJMYECTBO
SJIEMEHTOB TOTO K€ BHa (Hamoao0ue J00aBJIEeHUs 3IEKTPOHA K aTOMY MIJIM MOHY); TOYHO TaK K€,
YHUUYTOKEHHE DJIEMEHTA — YMEHBIIAET «BEC» FIEMEHTOB DTOrO BHIa B MHOKECTBE: TO €CTh, JIEMEHT
U JIBIPKA TYT )K€ «aHHUTHIMPYIOT», HE OCTaBJIsAsA B TEOPUHM CYLIECTBEHHBIX CIeN0B. B mpocreiimem
cllydae, KOIja MHOKECTBO MOYKET COIEPXaTh TOJBKO OJWH JJIEMEHT JAHHOIO BHUJA, OIEPATOPHI
POKIEHHs ¥ YHUYTOXKEHHS UIEMIIOTEHTHE: a'a’ =a", a'a” =a .

[TocenoBaTenbHOe JEHCTBUE HECKOJIBKUX ONEPATOPOB POKICHUSA/YHUYTOKEHUS TTOPOKIAET
MHOT03JIEMEHTHBIE MHOKECTBA:

ac'hta’

A)=[a.cha;A).
IMopsiok AeiicTBUl MOXKET UMETh 3HAUCHHE, U JIUIIb B MPOCTEHINNX CIydasx MHO)ecTBO {&,C,b,a}
paBHO MHOkecTBY {C,b}.

Koraa kBaHTOBBIE 3JIEMEHTBI «<MHTEPHEPUPYIOT» BHYTPU MHOXKECTBA (@ 3/1eCh MOT'YT ObITh CaMble
pa3Hble BO3MOKHOCTH), COCTOSIHHE | a; A> y>K€ HENb3s MPEICTaBUTh KaK | a>| A> . JInmb o4eHb npocTeie

MHOXCCTBa MPCACTABIIAIOTCA MPOU3BECACHUCM OAHOIJICMCHTHBIX MHOKCECTB (CO6CTBCHHLIX BCKTOPOB
HEKOTOPOTO onepaTopa) — TAKHUEC COCTOSAHHA (a TAKKC UX HCBBIPOXACHHBIC JIMHCHHBIC KOM6I/IHaI_II/II/I)
Ha3bIBAlOT «YHUCTBIMK). HpI/I HaJIMYWHU «IIOJITHOT'O» 63.31/103, MBI MOXEM «IICPCUYHUCIINTL» JJICMCHTBI

NCXOOHOTO MHOKECTBA:
|4 =2 [2)(z[ A).
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U TOrIa

la;A)=a"

A) =2 [b){blpa’|z)(z| A)= 2 |b)a (c[ai )y (A).

Tax MMPUCOCANHCHUE DJJIEMEHTA K MHOXKCCTBY M3 MHOTHUX 3JIEMEHTOB CBOJIUTCA K 06T>CI[I/IHCHI/IIO
JABYXOJIEMEHTHBIX MHOKECCTB! HOBBIM 3JIEMEHT a IIOOYEPECIHO CBA3BIBACTCA C KaXIbIM U3 3JICMCHTOB
HCXOJIHOTO MHO>KECTBAa. DTO OYCBUIHBIM 06p3.30M COOTHOCHUTCH C aHAJIOTMYHBIM PA3JIOKCHHUECM JIA
TPpaAUIUOHHBIX MHOKCCTB:

{ayuA=J_,{ac}

OJTHAKO B KBAaHTOBOH TEOpPHH TpedyeTcs elle U yueT HHTep(epeHINH Pa3IHYHbIX MyTeil BUPTyaabHOTO
repexo/ia OT OJHOTO COCTOSIHUSA K APYTOMY.

HOCKOJILKy OICPaATOPhl POXACHUA W YHHUUYTOXCHHUA MBI COIIOCTAaBJIICM HE MHOXCECTBaAM, a
3JeMeHTaM, OOBeIMHEHHE JBYX MPOHM3BOJIBHBIX MHOXKECTB, BOOOIIEe ToBOps, He ompeaeneHo. Ho,
HalpuMep, €CIM JBa MHOXKECTBA IIOJIyY€Hbl U3 OJHOTO U TOTO K€ MCXOJHOTO MHOXecCTBa («0a3bl»,
«BAKyyMay), HOSBJISIETCS] BO3SMOXXHOCTh PacCMaTpUBaTh KOMIIO3UIMIO COOTBETCTBYIOIIUX ONEPATOPOB
HOPOXKICHUS KaK OIepaTop MOPOXKAEHUS 0ObeANHEHN. DTO OJOOHO TOMY, KaK OIUH U TOT K€ aTOM
MOXET HMMETh DPa3JIMuyHble CTENEeHH HOHU3alMu. TOYHO TaK e B apu(METHKEe Mbl IOPOXKIAEM
HaTypalbHBIE YMCJIA M3 €IUHMLBI PU MOMOIIM E€IMHCTBEHHOW omepauun — WHKpeMeHta. Cymma
HATypalbHBIX YUCEN — 3TO OCOOBI OOBEKT, NIPUBHECEHHBI B TEOPUIO M3BHE, M ONpEACICHHBIH,
BOOOIIIE TOBOPSI, HA IPYTOM YPOBHE, KaK Kilacc H30MOP(HHU3MOB.

B HCKOTOPBIX CJIydasixX BO3MOXHO ONPCACINTH OG’LGZ[I/IHCHI/IC MHOXCCTB, IIOJTYYCHHBIX
pacupeHneM pa3HbIX 0a3; TO COOTBETCTBYET MEPEXOLY OT aTOMHOM K MOJIEKYJIApHOH (pusuke, Korna
B O6pa3OBaHI/II/I IEJIOr0o y4acCTBYIOT JIMIIb «BAJICHTHBLIC» JJICKTPOHBI U IABIPKH, @ COOTBECTCTBYIOLIUEC
ATOMHBIE OCTATKH CUUTAIOTCS M30JMPOBAHHBIMH (TO €CTh, BaKyyM OOBEIAWHEHUS MHOXKECTB paBEH
MIPOM3BEIEHHIO NX 0a3). 31ech Takke OBIBAIOT MHOTOYHCIICHHBIE BapHaIH. AHAJIOTOM KIIACCHYECKOTO
00beMHEHNs OyIeT HeUTO BPOIe KOBAJICHTHOMN CBSA3H, KOTJa BCE BAJICHTHBIE 3JIEKTPOHBI B OJMHAKOBOI
CTEIIeHH NIPUHAMJISKAT KAXKJOMY aTOMYy B CBsI3U. J[pyroil BapuaHT — HEUTO BPOJe HOHHOM CBSI3H, KOIIa
3JIEMEHTHI OTHOTO MHOKECTBA CBS3BIBAIOTCS C «IOBIPKaMM» Ipyroro. Bo3MoHBI Takke «BOAOPOIHBIE
CBSI3U» — KOTJa PEaNbHOr0 0ObEANHEHHS HET, HO AJISl Pa3HbIX MHOXKECTB HCIIOJIb3YeTCs 00LIHii O6a3uc.

O060011eHNe KOHEYHBIX pacIIMPEHUN Ha OECKOHEUHBIE (CUETHBIC M HECUETHBIC) HE IPEACTaBIISCT
ocoboro Tpyaa. C NMpakTUYECKOM TOUKM 3pEHMS 3TO O3HA4YaeT MEPEeXoA Ha CIEAYIOIIHH ypPOBEHb,
PEPIIEKCUBHOCTD AEATENbHOCTH: BMECTO BBIIIOJHEHUS €IMHUYHBIX ONEPaIlii Mbl KOHCTPYHUPYEM caMmu
9TH OIepalyy MO0 eAuHOMY mpaBuwiry. Kak u moOyio mepapxuio, MOpPOXKIECHHE MHOXKECTB MOXHO
CBEPHYTH B «TOYKY» — M Pa3BEPHYTH B CKOJIb YTOJHO PAa3BUTYIO HEPAPXUYECKYIO CTPYKTYPY.

Bce BoO3MOXHEBIE «B331/IMOI[CI71CTBI/I$[» MEXKAY MHOXCCTBaAMU (TeopeTI/IKO'MHO)KeCTBeHHbIe
oTepanyy ¥ OTHOIICHHUS) BBIPAXKAIOTCSA Yepe3 KOMOMHAIINK OTIEpaTOPOB POKACHUS W YHHUTOKCHHUS.
Kaxass KOHKpeTHas Teopusi OIHpaeTcsi Ha HEKOTOpblii Habop 0a30BbIX (3JIEMEHTapHBIX)
B3aMMOJICHCTBUI, a BCE OCTAIbHOE MOKET OBITh CBEICHO K MX pa3IMYHBIM KoMOMHAIUAM. [1ocKONbKyY
B KOHEYHOM HTOr€ HAcC HMHTEPECYeT BIIOJIHE OINpPENCNICHHBIH NPOAYKT, Mbl IPUBOIUM pE3YyIbTaT
JEeUCTBUS KaXIOro OIepaTopa K €AHHOMY 0a3ucy; TO eCTb, pa3Hble KOMOWHALMU 3JIEMEHTAPHBIX
orepanuii (mocae10BaTeIbHOCTH B3aUMOACHCTBHI) MOTYT IPUBOAUT K BOSHUKHOBEHHUIO OTHOTO M TOTO
xe (B CMBICIIE MPAKTUYECKON HEPa3InYMMOCTH) MHOXKECTBA, a MHTEP(EPEHIHS 3TUX BUPTYaTbHBIX
MIPOLIECCOB MPUBOIUT K OCOOEHHOCTSIM TNIOOANILHON OpraHM3aluM (CIEKTpa) MHOXKECTBa-IPOLYKTa,
BIUIOTH 10 HEBO3MOKHOCTH ITOJIyYUTh KaKie-TO MHOXECTBA U3 UCXOIHOIO (TIpaBuia 0oToopa).

TyT camoe BpeMs 3alyMaTrhCsl O CPAaBHEHHHM MHOXECTB. UTO 3HAUYUT — «OJHO U TO Ke»?
PaBeHCTBO 2IIEMEHTOB — BOMPOC MPAKTUYECKUI, OHO OIpPEETICHO CTPOCHUEM TIPEJAMETHON 00JIACTH.
Uro Takoe paBEeHCTBO MHOXKECTB — BOIIPOC HEMPOCTOH. TpaguiMOHHO MOJIATaloT, YTO JIBA KOHEYHBIX
MHOXCCTBa paBHBI TOTAad, U TOJIBKO TOrAa, KOraa OHU COCTOAT M3 OAHUX U TEX KE 3JICMCHTOB. Jla)ice
TaKoe, BpoJe Obl, HHTYUTHUBHO SICHOE OIpeJIeJIeHNE Ha CaMOM JIeJie ONMPAETCsl Ha BEChbMa CEPhe3HbIE
TOTIYIIEHUS O TIPEIMETHOM 00IaCTH 1 CIIoco0ax mepedopa 371eMeHTOB (HaurHAs ¢ CAaMOH BO3MOYKHOCTH
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nepebopa). st 6eCKOHEUHBIX MHOKECTB TPYIHOCTEH ere OOJbIlne: Hal0 yCHeTh 32 KOHEYHOE (MJIH
Jlaxke OECKOHEYHO Majioe) BpeMsl epedpaTh Bce DJIEMEHTHI OJTHOTO MHOKECTBA U MPOBEPUTH HATUYHE
uX B JIpyroM, u Hao6opoT. Cpa3y BCHOMHHAETCS KBAHTOBAash MEXaHHKA, TIe TOHKHE IPOIIECCHI
B3aHMOI[eI>iCTBPI5I «ymnpsaTaHbD» B OJJHY MAaKpOCKOIIMYECKYIO TOYKY, a Ha BBIXO/JI€ Mbl UMEEM T'OTOBYIO
UHTErPAIbHYIO0 OICHKY — crekTp. OJJHaKO U B KIIACCUYECKOW TEOPHUH MOXKHO MPEJICTaBUTH cebe
NPOCTYIO CXEMY CpPaBHEHUS, B KOTOPOH OJIHO M3 MHOXECTB NpeBpaimacetcss B GUILTP, CBOECTO poja
0apbep, Ha KOTOPBI HAKATHIBACTCS ITOTOK AJIEMEHTOB JAPYTOro MHOXECTBA: COBMAIAIONINE dJICMEHTHI
MOTJIONIAIOTCS (MJIH OTPaXKAIOTC Ha3ad) — W €CIU Ha Bhixojie (110 Pyl CTOPOHY Oapbepa) HUYero
HET, MOXXHO YTBEPKAATh, YTO PACCESTHHOE MHOYKECTBO 3aBE0OMO MEHbIIIE MHOXKECTBA-PHILTPA, 3TO €T0
nonaMHOXKecTBO. OOpamas cuTyanuio (MEHss MOTOK W (QIIBTP MecTaMH), MpoBepseM oOpaTHOe
OTHOIIICHUE: €CITM Ha BBIXOJIC OIAThH IyCTO — 3HAYHT, JIBA MHOYKECTBA PaBHBI.

HOHSITHO, YTO 3TO JIMIIb OJHA U3 BO3MOXHbBIX peanmaum‘/'l; HO TaKas MBICJICHHAA KOHCTPYKIIUA
BBIITYKJIO BBICBCUMBACT I'JIABHOC: CPABHCHHUE MHOXKCECTB HEN30eKHO OMUpacTCsA Ha MHOTOYUCIICHHBIC
MIPEJIIOI0KEHHUSI O JMHAMUKE, O XapaKTepe B3auMOACHCTBUSA. MeHsIeM MOCTaHOBKY AKCIIEPUMEHTa — H
PHUCKYEM TIOJYUYUTh APYToil pe3ynbTar. CHTyaIusl He HOBA: HAIPUMEpP, B MaTEMAaTHUKE COCYIIECCTBYIOT
Ppa3JIMYHBIC OTIPEACIICHUA Pa3MECPHOCTH — U IPUXOJUTCA YCTaHABIIMBATE COOTBETCTBUA. TouHo Tak XKe,
BMECTO PaBEHCTBA OECKOHEYHBIX MHOXECTB Mbl TOBOPHM JIHIIL 00 MX PABHOMOIIHOCTH WJIH, CAMOE
oounbiiee, 00 uzomMopdusme. Ho BCsIKOMy HOpMaTbHOMY YEJIOBEKY MOHITHO, YTO, HAIIPUMED, 3BYYaHUE
(hoHEeMBI PU3HYECKH OTIIMYACTCS OT MUCHMEHHOTO 3HAaKa, KOTOPHIN YCIOBHO conocTaBiicH eMy B MDA,
U OJIHO B IPyroe HUKAaK He MPEeBPATUTh: [BA MHOKECTBA JIMIIIb MOI00HBI, HO HE paBHBI. TOYHO TaK XKe,
YEeTHBIC HATYpallbHbIC YHCIIAa — BOBCE HE TO )K€ CaMOE, YTO HEUYETHBIC, XOTS OJHO MHOXECTBO
OJIHO3HAYHO COTIOCTABUMO C JIPYTUM. HOTHYIO 3aIich MEIO MK MOKHO BOCTIPOU3BECTH HA CKPHIIKE, Ha
(hoprenmaHo, Ha OpraHe... — OJHAKO B OPKECTPE ITH UHCTPYMEHTHI JJAJICKO HE «M30MOP(HEBD.

KBaHToBas mapagurmMa BHOCHT CBOU KOPPEKTHBBI, IOOABIISAS «BCTPOCHHYIO» HEOMPEACICHHOCTD,
«YACTUYHYIO» MPUHAICKHOCTh. OJMHAKO Tpoleaypa «QHIbTpalduy OMIHOTO MHOMXKECTBA JIPYTHM
MIEPEHOCHUTCS] B KBAHTOBYIO TEOPHIO MHOXKECTB 0€3 U3MEHEHUIT; OoJiee TOro, MpeBpalleHHe MHOXKECTBa
B (DMIIBTp TPEBpAIACTCs B POCTOH (hOpMabHBIN TPIOK: HAJI0 BCE OMEPATOPHI POXKACHHUS 3JICMEHTA JIJIsI
OOHOI'0 M3 MHOXKECTB 3aMCHHUTHL Ha COOTBCTCTBYIOIIHE OICpPATOPbl YHUYTOXKCHUA — Tak, qTOOBI
MOJYYHMBIIHECS «JIBIPKU» («aHTHAJIEMEHTBI») AHHUTWIHPOBAIN C JIEMEHTaMH JAPYTrOoro MHOXKECTBA,
TOT/Ia Ha BBIXOJIC MBI Cpa3y MOJYYHM CIEKTpP pa3nuunii. To ecTh, I MHOXKECTB

b*a"|A)=|b,a; A)
y'x|z)=[y.x2)
PE3YJIbTAT CPABHCHUSA JaH aMHJ'II/ITy,Z[OI\/'I
(2o, A) = (2 y b’ [A)= T2 ) vx y ba’ ) )= 7. 20D, ()
B Kakux-TO JONYINEHMIX, PABEHCTBO DJIEMEHTOB a = X, b =Y, mpeBpaiaer 3T0 BhIpaKeHHE B (Z | A>;

npy paBeHCTBE 0a3, 3TO MPOCTO enuHMIA. Pasymeercsi, B 6ojee CIIOKHBIX KOHCTPYKLHUSIX PaBEHCTBO
€IMHHIIE HE TapaHTUPYET PAaBEHCTBAa MHOKECTB; HO €CJIN OKa3bIBAETCS, YUTO BUPTYaJIbHBIC IIEPEXO/bI 10
TaKOW CTENCHU HEUTPaIu3yroT IpyT Apyra, — 3HA4YMUT, OJHO M3 MHOXECTB MOKET ObITh 3(h(heKTUBHO
npeo0pa3oBaHO B JPyroe, ¥ B MPAaKTUYECKOM IUIAaHE OHM PaBHBIL. PaccmaTpuBasi 3TO BBIpaXKEHUE Kak
(YHKUHUIO OT KaKUX-JTH00 «MaKpOCKOMMUYECKUX) MapaMeTPOB, MOKHO ITOJIYUYHUTh OJTHOLCHHBIN CIEKTP,
Y BHYTPCHHUE KOMIICHCAIIMU IPOSABATCS B €r0 CTPYKType (Hanmpumep, Kak pe30HaHCHI).

KBaHTOBas TeopHs MHOXECTB HE MPOCTO PaCIIUpSAET KIACCHUECKYI0 — OHA (DaKTHUECKH
npeasaraeT My4oK KOHKPETHBIX pealu3aliii, B 3aBUCUMOCTH OT KOHKPETHBIX 3a1a4. TOYHO Tak ke B
(u3MKe «TeOpUH BCETO» JOIMTYyCKAalOT MHOTO Pa3HBIX «JIaHAmadToBy». BEIOOp peleHus — He mpou3Boll,
pemiaer npakTtuka. Takas, IpakTHYeCKH OPHEHTHPOBAaHHAs MaTeMaTHKa MepecTaHeT ObITh BCETO JIUILb
UTPOI yMa U CTaHET MO-HACTOSIIEMY OCMBICIEHHOM.

HO56pb 1985
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A6CTpaKTHbIe KAPTUHKKU

Hayka matemaTmka (Kak M BCsKas HayKa BOOOIIE) CBOIUT HAITH OOBIIEHHBIC MPOOIEMBI K
tdhopmanprOCTSIM. W 3TO TpaBmiapHO. IloTOMy YTO WHade MPHUXOMMUIOCH OBl 3aHUMATHCS TOJBKO
MOBTOPEHHEM TIPOMIGHHOTO, U Ha TBOPYECKHE 3aJyMKH YK€ He XBarano Obl cmi. Ho moka demoBek
OTIIMYAETCS OT ITYEIlbl, eMy HEJIOCTaTOYHO 3HATh, KaK JIEHCTBOBATh, — €My ellle Ha/lo OBl MOHATH, KaK
3TO BBIMJISLAMT B 1I€JIOM, CO CTOPOHBI, U3 APYTOM BCEJICHHOMU. .. DTO Ha3bIBaeTcs: uHTyuuus. Korga ono
ecTh — Jlake (POpPMaTbHOCTH CTAHOBATCS W3IWIIHUMH, W JIENO ABIDKETCS BIEpPE] CEMUMWIBHBIMH
[IaraMm.

Ho mronu pasusie. UHTYHIIMS OJHOTO MOXKET OKa3aThCS COBEPIIICHHO HEMPHIOKUMA K JPYTOMY.
KoMy-To BIIOJIHE IIOCTATOYHO WPEICTABIATh Ce0C IOCIEAOBATSIIBHOCTh JCUCTBUH —  «J1aoy,
MPOIIECCYATHHOCTh KaK TAKOBYIO. A BCSAKHE TaM KapTHHKUA — 3TO Kak pe3ynbrar. Jpyrum momoOHast
AITOPUTMHYHOCTh IPETHT: MM, HA00OpPOT, YTO-HUOYIh HApHUCOBaHHOE, YTOOBI CO BCEX CTOPOH
MMOCMOTPETh, a TMTOTOM YK€ periarh. OXHE B MY3bIKE JIOBAT MEJIOANI0 — JAPYTUM OJMKE TapMOHUSI.
Tpernii myTh — WHCTPYMEHTAJIbHAS MHTYUINSA, IPAKTHYICCKOE UyThe, YMECHHUE Ha JIETYy BBICTPOUTH,
HapHUCOBATh, ChITPaTh... JlJI1 3TOro U CI0BO ApYyroe NpUAyMaju: TaJIaHT.

Y MaTreMaTHKOB HHTYHIIHs 0coboro poaa. [lopsamok y HuX BeIpaskaeTcs YHCIOM — a KapTHHKaMH
3aBenmyeT reomeTpus. OTHAKO YKcIa OCTETIEHHO MPEeBPAIIaloTCs B a0CTPaKTHBIE CTPYKTYPBI, KOTOPBIE
BIIOJIHE BO3MOXXHO IIPEJICTABJIATh ce0e TIeOMETPUYECKH; HAao0OpOT, TEOMETPHS pPacTBOPSETCS B
romMeoMopu3Max U CBOJUTCS K YHCIOBBIM (TOMOJIOIMYECKUM) WHBapHaHTaM. W TalaHT MaTeMaTHka
repepacTaeT B JIOTUKY, YMEHHE YCMAaTPUBATh IIaBHOE, a0CTParupoBaThCs OT MEJIOYCH.

[To >kxu3HU, HAM KaK pa3 MEJIOYH HHTepecHee Bcero. To, 4To MOXKHO MOCTENEHHO Pa3IJisiIbIBATh.
Ho camu o cebe — Menouu mpeBpamaroTcsi B Xaoc, ¥ 3T0 CKy4HO. [103TOMy Ba’KHO MPHJICTIUTH UX K
KaKoH-HUOY1b a0CTpaKLMH, YTOOBI YyBCTBOBAThH B 3bI05IX TBEPAOCTh U HE paccTpauBaThes 3ps. Eciu xe
a0CTpaKIHs K TOMY XK€ €Ile ¥ HarJIAIHA — TYT HUKaKue OypH He CTPAITHBI, ¥ 3aHYTHBIA IITHIIb MOKHO
MEpPETEPIIETb.

Bor u maBaiiTe modanTazupyeM Ha TEMY BH3YaITHU3AIMH YHUCEI.

Umcia, Kak W3BECTHO, OBIBAIOT pa3HbIe — TYT BCE Kak y Jroaei. Haumnaercs, HaTypaiapHO, C
MPOCTOr0 INepedrcieHus, noacuera. Pa3, npa, Tpu, 4eThlpe, NSATh — JAAJIbLIE MOKHO HE CUUTATh.
[Touemy? Jla moToMy 4TO yke ecTh O0lIee MpecTaBIeHue o npouecce. To ecTh, HApHCOBAIACH HEKOE
HaIpaBJICHHUE, BJIOJIb KOTOPOI'O MBI PABHOMEPHO LIAraeM.

PanyonanpHbple yMCla MpU TaKOM Packiaje HOPMAJIbHO YBHJIETh KaK MApOYKY HE3aBUCHUMBIX
HaIPaBJICHUM — U [0 KaXI0My CBOM LIard. Bo3HUKAaeT HEYTO BpOJAE INIOCKOHN pemeTrku. TyT uept
MIPUHOCHUT KaKOT0-TO pa0OTATY C JypaIlKUM BOIIPOCOM: @ UTO, €CJIU MbI Oy IeM IIaraTh pa3HbIMHU IlIaraMu
B OJJHOM M TOM ke HampasieHuu? CymeeM NpUATH K 4eMy-TO oOmemy uiu HeT? OkasbiBaercs, Bce
3aBHCHUT OT pa3Mepa maroB. B Kakux-To ciiydyasx MOXKHO TOTOBOPUTHCS, B IPYTUX — HU B KaKyi0. ITO
Ha3BIBACTCS COM3MEPUMOCTh. Wnm parmonansHOCTh. Kornma Bce pammoHaabHBI — MOXKHO HABECTH
MOPSIOK, U CHOBA BCE YHCJA TPEICTABISAIOTCS TOYKAMH Ha TPSMOM, M BCETNa €CTh BO3MOXKHOCTH
CKaz3aTh, 4ero OOJIBINe, U YeTo He XBaTaeT. B yem oTimdane ot HaTypainbHOCTH? B TOM, 94TO MIPUXOIUTCS
KK pa3 cOrjaacoBBIBATH HALIIM MEPKH, U OJTHO U TO K€ HA3bIBAETCS IO-PA3HOMY, B 3aBUCUMOCTH OT
TOT'O, YEM €r0 U3MEPSITh.

IIpexpacHo. Bot, MBI goroBopminch Mex coboit — U Bce noBoibHBL Het, He Bce. Ocratorcs
BCSIKHE TaM HECOM3MEPHUMEIE, HpPalMOHAIBHBIE. .. M IPSIMO KaK B )KU3HU: TAKMX HAMHOTO OOJIBIIE, YeM
MPOOUBIIUXCS B PallMOHAIBHYIO 31uTy! WX Tak MHOTrO, 4TO MTHOPUPOBATH HHUKAK HE IOJIy4aeTCs.
NmeHHO OHM — OCHOBHas Macca, BEIIECTBO TOW camMOll NpsIMOM, Ha KOTOpPOM paluOHalbHbIE
Ppa3MenarTcs MPOCTOPHO U ¢ KOMGOPTOM; IMOTOMY U Ha3BaHUE: BEIIECTBEHHBIC. VH IelCTBUTENBHBIC.
Ha xaxmoro pannoHaJIbHOTO BEIIECTBEHHBIX IO COCENICTBY OOJIBINE, YeM BCEX pallMOHAIBHBIX BMECTE
B3SIThIX. B J11000#, CKOJIb YrogHO Mayioi okpecTHOCTH. C IpYyrod CTOPOHBI, BCSKOE BEIICCTBEHHOE
YUCJIO C 00EUX CTOPOH MOXKHO CKOJIb YTOJHO IJIOTHO 3a)KaTh MEXKIY IMAPOYKOW PAIMOHATBHBIX — U
TEM CaMbIM BOCCTAHOBUTH Ha BELIECTBEHHOM MPsIMOI MOJIHBINA MOPSAIOK.
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B Mupe orpaHu4eHHBIX BO3MOKHOCTEH HUKAKUX APYTUX MOJHOCTHIO YIOPSIOYEHHBIX YHCIOBBIX
cucreM Oompine HeT. JIF000# MOPSAAOK MpencTaBUM BCe TOW K€ KapTUHKOM: CIUIOIIHAS JIMHUA —
KOTOPYIO BCETJja MOYKHO BOOOpa3uTh cebe COBEPIICHHO MPSIMOM, €CJIM 3aKPHITh TJ1a3a U MJIaBHO €XaTh
BIOJb. [l 3TOrO ecTh cBOe Ha3BaHHME: HEMPEpPHIBHOCTH. KOnmMoOWHBI M HEyMECTHBIE MPENSTCTBHS
HEMpPEepBIBHOCTh HApPYIIalOT — HO €CIM WX HEMHOro, o0Ilee BIeyaTiieHHe COXpaHuTCs. B mrore
BEIIECTBEHHBIC YHCJIAa CTAaHOBITCA MeEpOd BceMy, H J000e paccTOSHHE MOMKHO BBIPA3HTh
BEIIECTBEHHBIM YUCIIOM. | 1e-TO TaM, 3a rpaHbI0 HAIIETO MUPa UMEIOTCSI B IpyTHe, OeCKOHEUHBIE YHCTa.
Hanpumep, nienoe yucio o (To4Hee, mg), KOTOpoe OobIie Jr00ro APYroro meiaoro (a 3HaduT, U
M000TO BEIIECTBEHHOT0) YHCNa. A 3a HUM CIEAyeT YHCIO M1, U MEXIYy HUMH OECKOHEYHOCTH
(rumep)uensix (WM TUNEPACHCTBUTENBHBIX) YHCEN, KOTOPhIE MPEKPACHO YIOPAJOYUBAIOTCS — HO
OeckoneuHno Benuku. W Tak nanee. UtoOwl He OeraTh Jaeko M JEepKaTh ce0s B paMKax, Y 4eJoBeKa
CEpBE3HOT0 €CTh KOHKPETHAas 3aja4a: JABMKEMCSl MBI HE MPOCTO Tak, a U3 Touku A B Touky B. Wnu B
YHCIIOBBIX 0003HAYCHMSIX: OT HYJIS 0 eaUHMIBL. M3 Beel mpsiIMO HAC B KaXKJIOM KOHKPETHOM Clydac
uHTepecyert b oTpe3ok [0, 1]. Toraa mpu 1r000# AKHE 11ara Mbl TAKK JOIIEM 10 3asIBJICHHOI 11e1n
3a KOHEYHOE YHMCJIO mIaroB. A 4ToOBI HE IMPOCKOYHNTH — BCCTIa MOKHO ITOCTaBUTH CTCHKY B KOHIIC. To
€CTh MBI pacCMaTpHUBAaeM OTPE30K BMECTE C €ro TpaHUIIeH; KOMY XOYeTCS, MOXKET Ha3bIBaTh 3TO
CETMCHTOM, UKW 3aMKHYTBIM MHOFOO6pa3I/IeM.

Kak BoisicHsiercs, Touek Ha otpeske [0, 1] HuuyTh HE MEHbIIIe, YeM Ha BCEi YUCIOBON MPSIMON —
TaK 4TO, OrpaHuuuBas cebs, Mbl HIUero He morepsiM. COOTBETCTBEHHO, M PAIIHOHAIBHBIX YHCEN TaM
oueHb MHOTO. CKOJIBKO? MBI TOJIKOM HE 3HaeM — HO OIATh-TaKH, KTO MENIaeT NpUIyMaTh Ha3BaHUe?
ITycTh KOJHYECTBO IEJBIX MM PAMOHAIBHBIX YHCET Ha3bIBaeTCs «aled-Hymb» (Ng), a KOIUUIESCTBO
BEIIICCTBEHHBIX — 0003HAYMM CIIOBOM «KOHTHHYYM» (N1). IIpu 3TOM ecTh Bce OCHOBaHWUsI TOJIararh,
YTO «KapIUHAIBFHOE YMCIIO» aned-HyJ b CTPOTO MEHBIIe, YeM KOHTHHYyM. Hacder Toro, 9To Mexmy
HUMH — €CTb pa3Hble MHEHHUS; TPEIMOIOKUTH CYyIIIECTBOBAHNE YEr0-TO TAKOTO MBI MOYKEM, HO TOOBITH
Y TIONIYTIaTh ITOKa HE yAaJI0Ch. 3aTO MBI TOYHO 3HAEM, YTO €CTh KOJIMYECTBA U TIOOOJIbIIIe KOHTHHYYMa!

JlelicTBUTEIBHO, MPEACTaBUM cebe, 4To Kakayto Touyky orpeska [0, 1] Mbl XOTHM MOMETHTH
KaKUM-HUOYZb YHCIIOM K3 TOTO e nuana3oHa. [IoHATHO, YTO chenaTh 3TO BCerja BO3MOXKHO
(TIOCKOJIBKY KOJIMYECTBA TOUYEK B «O0JIACTH OTIPEICICHUS» U B «00JIACTH 3HAYSHUI» OJMHAKOBEI). Toraa
MBI TOBOPHM, YTO Ha OTpe3ke 3amaHa QyHKUus. HekoTopble TOUKH, B MPUHIUIE, MOTYT HA3bIBAThCS
OJIMHAKOBO — Takas (pyHKuus OyneT HeoOpaTUMOMW: 0 UMEHH MBI HE CMOXKEM yKa3aTh, K YeMy UM
oTHOcUTCS. Jleno, Kak TOBOPUTCS, JKUTEHCKOE. 3aTO Mbl MOXKEM B3SITh BCEX OJHO(PAMUIIBIICB BMECTE U
CKa3aTh, YTO OHHM O00Opa3ylOT HEKyI0 OOHmHOCTh — moaMHOXecTBO cermenta [0, 1]. Tak Bor,
OKa3bIBaACTCs, YTO KOJIMYCCTBO TAKHUX ITOAMHOXKCCTB HaMHOIO 0OoJIbIIIE KOJMYECTBA BCIIICCTBCHHBIX
YUCCII; COOTBETCTBEHHO, MOIIHOCTh MHOKECTBA BCCX OI'PaHMYCHHBIX q)YHKHI/IfI Ha OTPE3KE OoJbIIe
MOIIIHOCTH KOHTHHYyyMa. M MokHO mpuaymarh eme rpomamnee. Ho 3auem? Jlns Hadana HaMm ObI
MPEJICTABUTH ceOe, KaK BRITILSIUT HEUTO, HE MIOMEIAtoIeecs Ha TIPSMOi. ..

Kazamoce 0bl, a moueMy He OBTOPUTH TPIOK C Pa3MeIeHHeM TOYeK Ha IJIOCKOCTH B Ipeierax
BEIIECTBEHHOM OCH? — KaK MBI IEPEXOIIIIN OT IENbIX YHcel K palnoHaIbHBIM. Ho BcrmioMHMM: Takoe
«CBEpTHIBaHWE Beepa» HE YBEIMYHIIO IOJIHOTO KOJMYECTBAa TOYEeK. MOIIHOCTH MHOXKECTBA LENBIX H
PAIMOHANBHBIX YUCEIT BRIPAIKAIOTCS KapAUHAIBHBIM YHCIIOM aned-HyJb. TOUYHO TaK K€, BEIICCTBEHHBIX
TOYEK Ha IIOCKOCTH POBHO CTOJIBKO )K€, CKOJIBKO Ha BELICCTBEHHOH MpsAMONH — KOHTHHYYM. OJHaKO
HanpasJICHHE MBICIH IOCTATOUYHO pasyMHOe. TONbKO HaJ0 MOUTH 4yTh-4yTh AaJIbIIe.

MBI J1eTKO MOKeM TIPENICTaBUTh cebe kBaapaT u kKy0. O6o01eHre Ha O0IbIliee YUCI0 U3MEPEHNN
MBICJIUTCA KaK HEUYTO B TOM XK€ OYyXC. U mHorme cBoMcTBa IIPUBBIYHOTO B 6I)ITy IMPOCTpaHCTBA MIPAMO
MIEPEHOCATCS Ha a0CTPaKTHBIC MPOCTPAHCTBA BBICIIMX M3MEpeHUH. Pasymeercs, B KaKUX-TO CIydasx
SKCTPATOJIAINH He CPpadaTHIBAIOT: MMOMCK TAKUX MMOJKOBEIPOK (2 3TO MpeKpacHas pexinamal) — mobumoe
3aHATHE MaTeMaTWKOB. Ho B memoMm y Hac ecTh MHTYHUTHBHOE MPEACTAaBICHHE O IPOCTPAHCTBAX
BBICOKOW pa3sMEpHOCTH B BHIC HEKOW aOCTPaKkTHOW KapTHHKH. MBI 3HaeM, YTO YIOPSIOYCHHAs Tapa
TOYEK (IT0 KpaiHeW Mepe, TOCTaTOYHO OJIM3KO PACIIOIOKCHHBIX) 3a/1aeT BEKTOP B MPOCTPAHCTBE, U Y
BEKTOpa €CTh JUIMHA ¥ HampaBiieHHe. J[JTnHa — 3TO y)Ke HEYTO OJTHOMEPHOE, H 00pamaThCsi C STHM MBI
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yMeeM. MHOTOMEpHBIE YTIIbl BOOOpaKeHNE HE OTpadaTHIBACT — HO JBA BEKTOPA BCET/IA JICXKAT B OTHOMN
TUTOCKOCTH, ¥ TUIOCKHI YTOJI MEXKY BEKTOPaMH OTPE/ICIUT JIETKO 110 UX CKAISPHOMY IPOU3BEACHUIO.
UyTh 6oble BOOOpasKEHHS — W MOXKHO TIPE/ICTABIISATH ceOe BCSKHUE Tella, B TOM YHCIIe MHOTOMEPHEIE.
IImaBaeT »gakoe HEUTO BHYTPH THIIEPKYOAa.

H3mepeHnss MHOTOMEPHOT'O IPOCTPAHCTBA MOXHO YIOPSIOYUTh, IepeHyMepoBath. llepexon k
Jpyrod HyMepaluuu HE MEHsSEeT I'€OMETPUHM — OJHAKO OIUCHIBATh KAaKHE-TO CBOWCTBA B OJHOM
IIPEICTABIEHUN MOXeT OBITh Ipolue, 4yeM B Apyrom. IlocienoBaTenbHOCTh M3MEPEHHH HA3bIBAETCS
opHeHTanuell npocTpaHcTBa. [IOCKONBKY e Mbl IepeuuciisieM H3MEpeHHs HW3BHe, Halmronas
MIPOCTPAHCTBO B LIEJIOM KaK OBl CO CTOPOHBI, HE BCSIKHE T€OMETPUYECKUE OOBEKTHI OMHOM Pa3MEPHOCTH
MO>KHO NIEPEBECTH JIPYT B APYTa HEMPEPHIBHBIM 00pa30M C COXpaHEHHUEM X COOCTBEHHON OpUEHTAIIHH.

Teneps 0OpaTHMCs K TPOCTPAHCTBY (pyHKIMIA, iepeBoasamux otpe3ok [0, 1] B ceds. Homyctum,
KaXJIas TOYKa OTpe3Ka COOTBETCTBYET H3MEPEHHI0 MHOTOMEPHOTO MPOCTPAHCTBA, & pPE3yibTaT
BBIYKCIICHUSI PYHKIMK B TOYKE X — KOOpJAMHATA 10 COOTBETCTBYIOIIEMY M3MEpeHHI0. Toraa mooyio
(YHKIHIO MO’KHO TEOMETPUUECKH MPECTaBIATh ce0e KaK TOUKY IMIIEpKy0a ¢ 0YeHb OOJBIINM YHCIOM
n3MepeHui. /la, nx koHTuHyyM. Ho OT KosinyecTBa H3MEPEHUH CYyTh IPOCTPAHCTBEHHOCTH KaK TAKOBOM
HUCKOJIBKO HE CTpaJiaeT: y Hac B paclOpsDKEHHH BCE TE K€ TeOMETpHYECKHE 00pasbl IIOCKOCTH U
TPEXMEPHOTO TeJla, U BCE OCTAIbHOE — I10 aHAJIOTHU.

3ameTuM, 9TO B (PU3HMKE IMPOCTPAHCTBA CKOJb YTOMHO OOJIBIIIOTO YHCIa H3MEPSHHIH — JAIeKO He
HOBOCTb. BekTopa coCTOSHUS B KBaHTOBOH MEXaHHWKE MOT'YT UMETh OECKOHEYHO MHOTO KOMIIOHEHT,
CBOOOJHO NepeMelInBas JUCKPETHBIH W HENPEPBIBHBIM CHEKTP C 4eM-TO BooOIe 3ao0sayHbiM. W
HHKOMY 3TO IO )XKM3HHU He MemaeT. Ha camoM ene, Tam elie Kpyde: eCTb BHyTPEHHHUE, «CIIMHOPHBICY,
n3Mepenust. Ho noka He OyzeM 3aMaxuBaThCs HA TAKHUE BBHICOTHI.

MOo>HO 0JTO U yBICUEHHO 3a0aBIATHCS BELICHEHHEM, KaKHe Kacchl (PyHKIUHA COOTBETCTBYIOT
pPa3NUYHBIM TEOMETPHUYECKHMM OOBEKTaM: TUCKPETHBIM MHOKECTBaM («KpPHCTaJIaM»), KPHBBIM,
IUTOCKOCTSIM, TenaM. Hampumep, TriiaBHas JWAroHajdb TUIEpKyOa 3aJaeT CEeMEWCTBO ITOCTOSHHBIX
¢yukuuit Ha otpeske [0, 1]. Cpasy scHo, uro Bce moamHOkecTBa oTpeska [0, 1] pacrmonoxeHsl B
BEpUIMHAX THIEpKyOa. JIeHCTBUTENBHO, KaXKI0e IOJMHOMXKECTBO 3aJ[aH0 COOTBETCTBYIOIIEH
XapaKTepUCTUYECKON (YHKIMEW, NPUHUMAIOMIEW TOJBKO nABa 3HaueHws: nm6o 0, ambo 1. A
[I0CJIE0BAaTEeNFHOCTh HYJICH M €OMHUI] JUIMHBl KOHTHHYYM Kak pa3 W 3aiaeT OJHY U3 BepliuH. B
YaCTHOCTH, INPH «ECTECTBEHHOI» OpHEHTAllMM TIMIEPIPOCTPAHCTBA, KOT/AA IOCIEI0BATENbHOCTh
KOOp/MHAT coBmaaet ¢ otpe3koM [0, 1], mycToe MHOXKECTBO JIOTMYHO TONAAeT B HAYaI0 KOOPIUHAT:
9TO TOCIIEA0BATENBHOCTE U3 OAHUX HyJed. [IpoTuBononoxHas eMmy (camas ygajJeHHas) BepIIMHA —
COOTBETCTBYET KOHTHHYYMY €IMHUL], MPEICTABIIIOMIEMY OTPE30K LIETMKOM. TOYHO Tak ke, Jo0ble
Ipyrue ceMeiicTBa POACTBEHHBIX (YHKLUMI MOXHO YBUAETh BHYTpH rumepky6a. M genatb u3 sToro
WHTYUTHBHBIC BHIBOJIBL.

I'eomeTpusi CTaHOBHUTCS COOCTBEHHO T'EOMETpPHEH, KOTJa B MPOCTPAHCTBE MOXKHO YTO-TO
U3MEepUTh. B OOBIYHBIX (EBKIMAOBBIX) MPOCTPAHCTBAX pabOTaeT MHOTOMEPHBI BapUaHT TEOPEMEI
[Mudaropa. MokHO M0 aHATIOTHX TOBOPHUTH O HOpME (PYHKIMH KaK PACCTOSIHUU OT Havaia KOOPJIUHAT:

2
[£]° = L (0T dx
COOTBCTCTBGHHO, PacCTOAHUC MECKIY (byHKLII/IHMI/I OIMpeACIACTCA KaK NJIMHA BEKTOPA-pPa3HOCTU!
A = (1,00 - f,)" dx

B yacTtHOCTH, paccTOsSHUE MEXTy TPOTHUBOIIOIOKHBIMH BEPIINHAMH T'HIIepKy0a paBHO 1, a paccTosHIe
MEXIY JTIOOBIMH «COCETHUMI BepITHHAMU (00pa3yIOIMUMH KOHSIHOMEPHBIHN runepky0) pasao 0. Oto
€CTECTBEHHO JIOMIOJHSETCSI MOHATHEM YTJIa MKy QyHKIMIMU:

cose = _[ f,(0)f, (X)dX/" fl"" f, "

B kakoMm cmbIcie ompeneneHbl 3TH WHTETrpallbl — MBI MOKa YTOYHATH He Oyaem. s Kaxmoro
OTIpe/IeTICHHsI €CTh CBOSI TEOMETPUIECKast HHTEPIIpEeTaIusl.

27



M. b. UBaHoB MaTtemaTnyeckune 3ameTkm

Hexoroprle Bemu B TakOM OMNpEACICHUU BBINNISISAT OYEHb ecTecTBeHHO. Hampumep, HopMma
HOCTOSIHHOHM (DYHKIIMU MPOCTO paBHSETCS ee 3HaueHWio. Paccrosiane mexny QyHkumsmu f(X) =a u
f(x) =b paBuo |a—b|, a KOocHMHYC yria Mexay HHMH BCErJa paBeH CIUHHUIIC: BIIOJHE OXKHIaemast
napasienbHocTh. KBampaTel HOpMbl it pyrknuit f(X) =X u f(X) = 1 — X oguHakoBsl u paBubl 1/3;
paccTOsSHHE MEXITy HUMHU PaBHO TOM K€ BEIHUYHHE, a KOCHHYC yria paseH 1/2 (yromn B 60°). DTn 1Be
(bYHKIIIHM IPUHAIIEKAT KIACCY YHUTAPHBIX IepecTaHoBOK Ha oTpeske [0, 1] (u3MeHeHne opreHTaIiK
cucteMbl KoopauHaT). [IoHATHO, YTO TaKylO «IepenyTaHHy0» (PYHKLIUIO BCETAa MOKHO YIOPSAOUUTh
10 3HAYCHUIO U TEM CaMbIM BepHYTh K Buay f(X) = X ; ciemoBaresibHO, HOpMa JIF000H NEepecTaHOBKH
paBHa 1/3 — mpu 3HaYUTETLHOM Pa30pOCe B3aUMHBIX PACCTOSIHHUI U YTIIOB.

3TO BO3BpAILAeT Hac K BONIPOCY 00 ONpeneNeHNH HHTErpasioB. YTOOBI BEIUUCINTD HHTETPA AJIS
MPOU3BOJIBHON (PYHKIMH, MBI CHaYaJIa yIopsA0unBaeM (QYHKIHIO 110 3HAUCHUIO — M TIOTOM BBIUUCIISIEM
IIOIAAb TMOJ TOJIy4eHHOH KpuBoH. I[lockonbKy peub HIET 00 OrpaHMYCHHBIX (QYHKIUIX,
JIOTIOJTHUTENILHBIX TEXHUUECKHUX MPOOJIEM TYT HE BO3HUKACT: JII0OOOH HHTETpall OKa3bIBACTCS YUCIIOM OT
0 mo 1. Pazymeercsi, eCTb CBOM MalIeHbKHE XUTpOCTH. Hampumep, ecinu HempepblBHass QYHKIUS He
SIBIISICTCSl B3AaMMHO-OJTHO3HAYHOM, OJIMHAKOBBIC 3HAYCHUS IMOMAJIAI0T B «COCEJHUE» TOYKH OTpE3Ka, U
COOTBETCTBYIOIIYIO MEpy ([UTHHA 3JIEMEHTApHOTr0 HHTEepBaita dX) MpuUaeTCs yaBauBaTh, yTPAHBaTh U T.
I. DKBUBAJICHTHOE IIPEJCTABICHUE: U3MEHACTCA «IJIOTHOCTBY» pa3MelleHHsl ToueKk Ha oTpeske. Ho 3to
HE pa3pylIaeT TeOMETPUYHOCTH KaK TaKOBOM.

Tenepb MOHATHO, KaKk paboTaTh C XapaKTepUCTUUYECKUMH (PyHKIMAMHU moaMHOxkecTB. Ilocie
nepeynopsioueHus Takas (QyHKIMS NPeBpallaeTcsl B «CTYNEHbKY»: CHadana HyJd, IIOTOM €JUHUIBL.
Hopwma QyHKIMM onpeaensercs Kak [UIMHa OTPe3Ka C eIUHULAMH — a 3TO €CTh B TOUHOCTH KOJIMYECTBO
9JIEMEHTOB MOAMHOXeCTBa (ero mMepa). PaccTosiHue MexXIy XapakTepHCTHUECKUMH (DYHKIHSMH €CTh
Mepa UX 0OBEINHEHNUS 32 BEIYETOM MEpPHI IIepeceueHUs..

Pazymeercs, y 6eckoHedHOCTEH cBOM Karpusbl. Hampumep, paccTosiHie MeXAY MOCTOSHHBIMU
¢ysaknusmu 0 1 1 (MpOTUBOIIONOKHBIE BEPIIMHBI TUTIEpKY0a) 1o o01ieit popmyte paBasiercs 1. Ho Mt

K€ 3HaeM, YTO JAMaroHalb €JMHWYHOTO KBaapaTra UMEeT JIHHY 2 1 A specs MOJy4aeTcsi, 4YTo Bce
CTOPOHBI paBHHI 1, a muaronans Toxke equaumal Yyneca.
Ha camom nene Bce B Hopme. [lo-miudaropoBcku, nuaronains N-MepHOTO €TMHUIIHOTO Ky0a paBHa

/N . IIpu N — oo MBI oy 4nim ObI HEHOHSTHOCTB BUAA ~/oo . YTOOBI HOPMAaIBEHO PabOTaTh C TAKUMU

KOHCTPYKITUSIMH, MOKHO BCE JUTHHBI HOPMHPOBATh. B KOHCYHOMEPHOM CIIy4yae JICIHUTh Ha JN —as
HEMPEephIBHOM ~ CIy4ae dTO TMPEeBpaIlaeTcs B IUIOTHOCTh MOCJIEIOBATEIBHOCTH HM3MEPCHUI
NPOCTPaHCTBA. PazyMeeTcs MOXKHO ObUIO OBl HOPMUPOBATH U JBYMEPHBIN KBAIPAT: JUIS €r0 JHATOHAIN
MBI MPOCTO BBIOMpAcM JAPYTYIO CAMHUIYY W3MEPEHHS, U B 3THX HOBBIX CIUHMIAX JUTMHA JHATOHATH
paBHa 1, B MOJHOM COOTBETCTBUHU C OCCKOHEYHOMEPHBIM CiTy4aeM. PellieHne 10CTaTOYHO JIOTHYHOE: B
(u3uKe MBI TaKuM 00pa3oM BBHIOMPAEM «ECTECTBEHHBIC)» €AWHHIIBI — WM, HaIpUMEp, IPUBSI3bIBAEM
BCE CKOPOCTHU K CKOPOCTH CBETA, U 3TO YAOOHO JIJIsl ONUCAHMS HAOJF0IJACMBIX CUMMETPUH.

Kyna 0Ooiee cymecTBeHHas npo0iieMa — HEOJHO3HAYHOCTh HOPM, KOTOPBIC OMPECICHBI JTHIIb
C TOYHOCTHIO /10 MHOKECTBA Mepbl HyJb (MHTErpaj MO KOTOpPOMY paBeH Hyimo). To ecTp, MBI
OTIpeZIeTIsIEM PACCTOSHUE MEXAY ceMelcTBaMu (YHKIHN, a He MEXTy KOHKPETHBIMU QyHKIUAMU. J{ist
MaTEeMaTHUKOB ATO B MOPSIJIKE BEIIEH: y HUX BCET/Ia TaK. YeIOBEKY MPOCTOMY XOTETIOCHh OBl UMETh TaKOE
OTIpeJieNIeHHe PACCTOSHHS, KOTOPOE€ WHTYHTUBHO COOTBETCTBOBAJIO OBl BH3YAILHOMY pa3/ICICHUIO
MPOCTPAHCTBEHHBIX TOUeK. HampuMep, OKpy>KHOCTh (WK cdepa) ¢ IIEHTPOM BO BHYTPEHHEH TOUKE —
(yHKIIUY, paBHOYJAICHHBIC OT HEKOTOPO# 3aiaHHoi GyHKIuH. Ho OTIIMYMS Mephl HYJIb ONPEICIAIOT
OeckoHeYHOe CeMeHCTBO (YHKIHUI, U COOTBETCTBYIONIME TOYKU BCIOJIY IUIOTHO pacHpe/eNieHbI M0
runepkyOy. Kak-To He BSkKeTCS C reOMETPHUYECKOW HArisAHOCThEO. OCOOEHHO, €CIM HCIOJIb30BaTh
METPUKY JUIS ONPEJIeIICHUS] TOHATUH OKPECTHOCTH, OTKPBITHIX U 3aMKHYTBIX KJIacCOB (DYHKIIUH H T. 1.
JIto0BIe TONMOIOTHYECKUE TIOCTPOSHSI CTAHOBSITCS OTHIOJIb HE NHTYUTHBHBIMHU.

KoHedHo, MOKHO 3aMETHTh, 4TO KJIacC (DYHKIIMI HU IIPU KAKOM PACKIIae HEBO3MOXKHO CJIENIaTh
IMOJIHOCTBIO YIIOPAAOYCHHBIM, BIIUXHYTLH B ﬂeﬁCTBHTeHLHyIO ock. Ha To ona n KapaAHaJIbHOCTD BBILIC
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KOHTHMHYyMa. MOXHO TIOWTH MO IYTH CaMOOTPAaHHWYEHHS M paccMaTpuBaTh TOJBKO (YHKIHH
JIOCTATOYHO MPOCTOro Buja (Hanpumep, nuddeomopdHbie MocTossHHOM). Toraa 6Ju30CTh B TUIIEPKYOe
COBIIAJIET C METPUIECKOH OIM30CcThI0. 1 MOKHO paccMaTpuBaTh TPAEKTOPUH B MPOCTPAHCTBE (PYHKINH,
¥ IIJIABHO TEPEXOANUTH OT OJHOTO K ApyroMy. .. OJHaKO MHOTHE HHTEpPECHbIE (DYHKITUH OKaKyTCsI TOT/Ia
3a OopToM. B wacTHOCTH, IEpECTAHOBKY U XapaKTeprcTHIeCcKue (yHKITNH moaMHokecTB. Ho ecTs ere
BapHaHT: BMECTO OIHOTO MPOCTPAHCTBA HAa BCEX — PACCIOEHHOE MPOCTPAHCTBO, HEPAPXHS KIIACCOB
(hyHKIMH, BHYTPH KaXIOTO M3 KOTOPBIX PACCTOSHHWE OYIEeT TeOMETPUYECKH OIpPEeIeIeHHBIM, a BCE
BMECTE MOXHO ITPH HEOOXOIMMOCTH arperupoBath B HeuTO odmiee. Hampumep, mpousBoiabHast GyHKIHS
npencrasisercs (mpsMol) CyMMOW KOMIOHEHT: IIOJCHCTEMBl KOHEYHOTO MHOMKECTBA TOYEK,
0ECKOHEYHbIE AUCKPETHBIE MOJCHCTEMbI, KOMIIOHEHTHl MOIIMHOCTH KOHTHHYYM (KyCOUYHO-CBSI3HBIE
obmnactu). COOTBETCTBEHHO, BMECTO OJHOTO — MOJIy4aeM TPU PACCTOSHHSA, WK OOJbLIE — 10 YHUCITY
KoMIoHeHT (ypoBHeit). To ecTh, BMECTO TyHOI'0 HTHOPHPOBAHMSI BKJIAI0B OT MHOKECTB MEPHI HYJIb, MBI
YYHUTBIBAEM HX OCOOBIM 00pa3oM, Kak OocoOeHHOCTH. B npyroit ¢gopmynupoBke — pedb HACT O
CUHTYJSIpHBIX Mepax (tuma J-pyHKium). I[IOCKONBKY COOTBETCTBYIONIME IOANIPOCTPAHCTBA
OpPTOTOHAJBHBI, ECTECTBEHHO ONpEIeNuTh OOIIee paccTOSHHE Yepe3 CyMMy KBaJpaToB
(HOPMHPOBAHHBIX ) PACCTOSTHUH 1O OTJAEIBHBIM KOMITOHEHTaM. Wi emie kak-HuOy 6. ['eomeTpust OyaeT
HEHaMHOTO CJIO)KHEE — a [T WHTYUIIUH TIPOCTOP.

mau 1992

MpeameTHas TeopMA MHOXKeCTB

TpamuunoHHass TeopHs MHOXKECTB HHYEr0o HE TOBOPUT 00 HX 3ieMeHTax. Kak mnpaBmio
HPEIIONIAraeTcsi, 4YTO JIEMEHTAMU MHO)KECTBA MOTYT OBITh TOJIBKO JPYTHe MHOXKECTBA, 8 MHOXKECTBO B
KauecTBE JJIEMEHTa HUYEM HE OTJIMYaeTCs OT COOCTBEHHO MHOXKECTBA. Takod MOIXOJ CTpajaet
U3JIUIITHEH OOIIHOCTHIO, @ HEONPEICIICHHOCTh 0a30BBIX MOHSATHH NMPUBOAMT K mMapagokcam. Jlms ux
NPEOJOJICHUSI TIPUXOIUTCA OTKa3bIBaThCs OT M3HAYAILHOW BCEOOIIHOCTH, pazinyaTb MHOXECTBA M
kiaccel. Ocraercs caenath ee OAMH IIar: MPU3HaTh, YTO 3JEMEHT U MHOKECTBO — HE OJTHO U TO JKe.
O/HO BMECTO IpYTroTo HeNb3s MOJACTABISTH 0E30rOBOPOYHO, U CMEIIeHHEe 00BEKTOB pa3HOTO YPOBHS B
paMKax OHOTO paccykaeHus (pOopMyJIbl) — JOrudecKas OIInoKa.

Ha mpaktuke mo0as Hayka mpUMEHHMa JHIIb B TIpeAesiaX CBOEH MPEeIMETHOH OO0JacTH.
AOGCTpakTHBIN (OpPMAIM3M JIMIIH CIEAYET OpraHU3aIiy mpeameTa. FiHade Teopus OKa3bIBaeTcs MpocTo
OeccMBICIIEHHON — M HUKOMY He HyHa. [[puKkiiaHble HayKd He HyKJAr0TCs B Ype3MEPHON CTPOTOCTH:
UM Hy’)KHEe IPaKTHYECKHe PelenThl Ha KaXIbIH JeHb. PasymeeTcs, mpuiiokeHus OBIBAIOT pasHbIe, U
HEKOTOpBIE U3 HUX MOTYT MOKAa3aThCsl OYCHb a0CTPAKTHBIMH; 3TO HE MEHSET CYTH JieJla: MBI H3ydaeM
BIIOJIHE OTIPEEICHHbIN TIpeIMeT.

MoOXHO SIBHBIM 00pa3oM IOJO0XUTh B OCHOBY TEOPHHM HEKOTOPYIO MpeaMeTHyto obmactb. s
MaTeMaTHKH HE Ba)KHO, KaKyl0 MMEHHO: TJaBHOE, YTO OHAa €CThb, U PadOTaTb MBI MOXKEM TOJBKO C
peanbHO AOCTYNHBIMH OObeKTaMu. [ljiss Teopun MHOXKECTB, 3TO HEKOTOpHI yHHBepcyM U, 06a30BbIi
ypoBeHb Teopun. Ha cienyromnieM ypoBHeE MOSIBISIIOTCS COOCTBEHHO MHOXKECTBAa — HAa0OPHI 3JIEMEHTOB
u3 yHuBepcyma U. B oTimume OT TpagWIMOHHOTO TOAXOJa, MpPEJAMETHbIE MHOXECTBA HE MOTYT
HETIOCPEICTBEHHO MPHHAAJIEKATh YHUBEPCYMY: OTO OOBEKThI MHON mpupoibl. OJHOdIEMEHTHOE
MHOXKecTBO {X} — He To xe camoe, 4TO dyieMeHT X. OTHOIIeHHE MPUHAMICKHOCTH & € A Win
HETIPUHA/UIS)KHOCTH & ¢ A CBSA3BIBACT [Ba YPOBHSA HEpapXHH. MBI MOXeM OOBIYHBIM 00pa3oM
3anKCchIBaTh HEOOJIBIINEG MHOXKECTBA, MIEPEUHCIISAA MX AJIEMEHTHhI B GpurypHbix ckookax: {a, b, c, ...}.
[Ipu 5TOM BCe DNMEMEHTHI MPUHAIEKAT YHHUBEPCYMY M HE MOTYT ObITh MHOXecTBamH. Ha Takmx
YCIIOBUSX HET MPOOIIEeM ¢ JOPMUPOBAHHEM MHOKECTB 110 00IIEMY MTPHU3HAKY: €CITH 3JIEMEHTHI 00J1a1al0T
HEKOTOPBIM IIPEIMETHBIM CBOWCTBOM ¢ (B COOTBETCTBHM C HMPHUPOJOH MpEeAMETa U JIOTHKOH TEOpHH),
OHH MOTYT PacCMaTpHUBAThCS BMECTE KaK IMPHHAIJIEKAIIHE OTHOMY MHOXecTBY. 3ammch {X | ¢(X)}
JOIyCTUMA JUIS JTIOOBIX MTPEAMETHBIX CBOHCTB; 00JIee TOro, BCSIKOE MHOXKECTBO ONPEesieT HEKOTOpoe
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NpeAMETHOE CBOWCTBO, OOIee sl BCEX €ro 3JeMeHTOB. Korma SieMeHThl YeTKO OTIMYAIOTCS OT
MHOJKECTB, pe(IEKCHBHBIE YCIOBUS, BPOJie X € X, POCTO HEBO3MOKHBI.

Boo0rie roBopsi, He Bce KOMOMHAINHN 00BEKTOB U3 yHUBEpcyMa U MpeacTaBiIsioT AOMyCTUMBIE
MHOXKecTBa. J{JIsl pa3HbIX MpEeAMETHBIX 00nacTeil BO3MOXHBI criennduieckue orpannueHus. Eciau Ha
VHHBEPCYM HE HAJOKCHO HHUKAKUX CBS3EH, KaXKJIOMY CIHHUYHOMY OOBEKTY X COOTBETCTBYET
ofHO3IeMeHTHOe MHOKecTBO {X}. [l koHewnoro yHuBepcyma U MOXHO ObLIO ObI TOBOPUTH O
MHOJKECTBE, COJIEpIKaIlleM Bce BooOIIe 00BeKThI X 13 U; 0JJHaKO TaKOTO MHOXECTBA MOKET U HE OBITh.
Hampumep, xorma oObeKTH HE MOCTOSHHO MPUCYTCTBYIOT B U, — WM KakWe-TO M3 HUX HE MOTYT
MIPUHAIIEKATh OJHOMY MHOXECTBY (00JIaar0T HECOBMECTHMBIME CBOWCTBaMH). MBI TIpeAronaraem
TaKXXe, 4TO BCAKOE MHOYKECTBO COJEPKHUT XOTsI ObI OTUH 3JIEMEHT; 00BIYHOE MPEICTABICHUE O IIyCTOM
MHOkecTBe & = {} B IpeAMETHON TEOPHH BO3SMOYKHO JIHIIh METa)OPUICCKH, B KAUECTBE COKpPAILICHHUS
Ui Gpasbl «HE CYIIECTBYET MHOXKECTBA, TAKOTO, YTO...» MHOXECTBO, 110 ONpPEAETICHUIO, €CTh TO, ¥
4Yero UMeroTcs 3J1eMeHThl. Korna aneMeHToB HeT — 3TO yKe He MHOXKECTBO, a HEUTO MHON IPUPOJIBL,
YTO HaZ0 U3Yy4aTh OTACIBHO.

Ecian onHO MHOXecTBO paBHO japyromy (A = B) — 3To mpocTo 0HO M TO ke, MO-pa3HOMY
o0o3HavueHHOe. PasHple crmocoObl MOCTPOEHHS MOTYT HPUBOJUTH K OJHOMY HaOOpy 3JEMEHTOB.
PaBeHCTBO MHOMKECTB — 3TO TIPEIMETHOE PABEHCTBO, OAMHAKOBOCTH CBOHCTB.

OHO MHOXKECTBO MOKET OBITH (COOCTBEHHBIM) TTOJIMHOXKECTBOM JpyToro: A < B. MsI roBopum
0 Cy)XeHHH MHOecTBa B, Bbienennn wactu A. 3aMeTHM, YTO pedb BCEr/la WAET O KOHKPETHBIX
00beKTax W3 yHHBEPCYyMa, KOTOpBIE MPUCYTCTBYIOT B 00OMX MHOXECTBaX, JIMOO TOJLKO B OJHUM H3
HUX. He3aBUCHMO OT KOJMYEeCTBa JIEMEHTOB (MOIITHOCTH ), MHOXKEeCTBO B Oymer mmpe MHOKecTBa A,
eciu B B ecTh aeMeHTHI, OTCYTCTBYIOIIHE B A.

Ha ypoBHE MHOECTB MOXHO OOBIYHBIM 00Pa30M OTPEAETUTH Oomepaluu oobeauaenus A U B u
nepeceuenus A N B, a Takxke JOMOTHEHHE OTHOTO MHOXeCTBa 1o apyroro B \ A. Onnako ¢hopmanbHoe
IIOCTPOCHHWE HUYETr0 HE TOBOPHT O CYIIECTBOBAaHHHM COOTBETCTBYIOIIETO MHOXecTBa. Hampumep,
o0BeIHEeHNe BYX MHOKECTB MOYKET OTCYTCTBOBATH IIPY HAJIMYWH CBSI3€i, HECOBMECTHMOCTH CBOMCTB
anemeHTOB. [lepeceuernrne MHOKECTB HE MOXKET OBITh ITyCTHIM; B IIPOTUBHOM CITydae MBI TOBOPUM, UTO
MHOJKECTBA HE TepeceKaroTcs. TOYHO Tak e, JOIOJHEHHE CYIIECTBYET TOJBKO Il COOCTBEHHOTO
nogmuoxkectBa: A < B. Jlpyrumu cnoBamu, Habop peanu3yeMbIX B TEOPUHM MHOXECTB ONepauuit
ompenenseTcss OCOOCHHOCTSMHM IpeaMeTa; ©  HaoOOpOT, U3 CYIIECTBOBAHUS TEOPETUKO-
MHOKECTBEHHBIX CTPYKTYP MBI JIeJIaéM BBIBOJIBI O CTPOSHUH YHUBEPCYMa.

COBOKYIMHOCTh peaTU3yeMbIX IPEIMETHBIX MHOXXECTB MOXET CTaTh YHUBEPCYMOM IS
CIIEAYIOIIETO YPOBHS HEPAPXUU, HA KOTOPOM MBI CTPOUM MHOKECTBA U3 MHOKeCTB. [0 OTHOIIEHHIO K
OpeAMETY, 3TO YK€ He MHOKECTBA, a KJIacChl — CYIIHOCTH CYIIECTBEHHO MHOTO YPOBHS, KOTOpPHIC HE
MOTYT BKJIFOYaTh OOBEKTHI U3 YHUBEPCYMA, U COTIOCTABIISTH OJJHO C JPYTUM HANPSMYIO HEJIb3sl.

Ecnu moctpoeHrne MHOKECTB CBSA3aHO MPEUMYIIECTBEHHO C PEAMETHBIMH CBOWCTBAMU, KJIACCHI
B OOJIBIIIEH CTEMEHH OIPEENIOT JIOTHKY TEOPUH, criocod paccMOTpeHHs. Pa3Hble TeOpHH OHOTO M
TOTO e OyayT pa3nuuaThcs Ha YPOBHE KIIaCCOB.

B mpocteiimem ciydae, Korga BO3MOXHBI JTIOOble KOMOWHAIIMM CBOWCTB, YPOBEHH KJIACCOB
o0JamaeT XxapakTepHOU CTPYKTYpoi. I KaKI0ro OJHOAIEMEHTHOTO MHOKECTBA, MOYKHO TIOCTPOUTH
KJIacC BCEX IMEPeceKaloNuxcs C HUM MHOXXECTB; JAPYTHMH CJIOBaMH, MBI pacCMaTpuUBaeM BcCe
COBMECTUMBIE C BBIJICNICHHBIM OOBEKTOM W3 YyHHBEPCYMa CBOWCTBAa KaK KJacC, COBOKYITHOCTB
MHOJKECTB, COJICPIKAINX COOTBETCTBYIOMIMNA dy1eMeHT. [I0CKOIBKY BCSAKOE MHOKECTBO MPHHAICKUT
KJlaccy KaXJOr0 W3 CBOHMX OJJEMEHTOB, YPOBEHb KJIACCOB IIOJIHOCTHIO IOKPBIBACTCS TaKUMH,
JMIEMEHTApHBIMU  KJlaccaMH. TakuM 00pa3oM, KJacChl OJHO3HAYHO COIOCTABIEHBI OOBEKTaM
YHHBEpCYMa, U YPOBHH HEPAPXUHU NEPEXOIAT OJIUH B APYroid. ITo Ha3bIBaeTCsl 0OpalieHneM HepapXuu:
JJIEMEHT TPUHA]IC)KUT MHOKECTBY — HO U MHOKECTBO NMPHHAIIICKUT dJIeMEHTapHOMY Kiaccy. Takas
TPEXypoBHEBasi CXeMa M MpeIcTaBiseT coboi (OpMalbHYI0 TEOPHIO, MAaTEMAaTHUYECKYI0 MOJeEIhb
MPEeIMETHON 00IacTH.
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Eme omuH cnoco0 pa3BepThIBaHWS HEpapXHd ONUpPAeTCs Ha BO3MOXKHOCTh C/IENaTh
MIPOM3BOJILHOE MHOXECTBO YHHUBEpCyMOM (0a30i) 1yis MHOXECTB ClleAyromero ypoBHs. Takxwe
MHOXECTBa MOXXHO ObUIO ObI Ha3BaTh «BHYTPEHHUMH» — B MPOTHBOIOJIOKHOCTH KJIaccaM Kak
«BHEIIHUM» MHOECTBaM. BHYTpeHHHE MHOXXECTBa, OYEBHJIHO, COOTBETCTBYIOT ITOJMHOMXECTBaM
0a3bl; OHAKO ATO HE OJHO M TO K€: OHM IPUHAUIEKAT pa3HbIM ypoBHAIM. Ha sToM mpumepe MOXHO
JIETKO BHUJAETb, YTO HA0Op BHYTPEHHHX MHOXECTB OIPAaHHUYUBAETCS PEAJbHO HMEIOLIMMUCS
MMOJMHOXECTBAMH 0a3bl; 3TO OAWH W3 CIIOCOOOB (opMamu3allui TOHATHS CBSI3HW. Pazymeercs,
CYLIECTBYIOT TaKK€ KJIacChl BHYTPEHHUX MHOXeCTB. [Ipu gocTaroyHo 6oraToM YHHUBEPCYME TEOpPHS
JOIyCKaeT BeChMa CI0KHBIE HEpapXUIECKUE CTPYKTYPHI.

[TycTh Temeps y Hac ecTh 1Ba pa3nuuHbIX YHUBepcyMa Ui u Us. Kaxkaplit 3 HUX MOPOXKIAeT CBOIO
TEOPETUKO-MHOKECTBEHHYIO Hepapxuro. Hemp3si mpon3BoIbHO KOMOMHHPOBATH KOMIIOHEHTHI Pa3HBIX
uepapxuid, Jake OJHOTO YPOBHA. DTO Kak eciy Obl MBI BAPYT HAdald CKIAAbIBATh MUJLTUMETPHI C
KuiorpaMMamu. TpeOyeTcs oObeIMHUTh JBa YHUBEPCYMa B OJIMH — M TOJIBKO TOTJIa MOYKHO CTPOUTH
€IMHYIO TEOPHI0. A 00BEIUHITH MOKHO MTO-Pa3HOMY. J|Be OCHOBHBIEC MapaJurMbl: MOCIEOBaTENIFHOE
Y TIapaljieNIbHOe COeTMHEHNE, BpEMEHHOE 1 IPOCTPAHCTBEHHOE, BHYTPEHHEE 1 BHEIITHEE.

[Tpu mocnenoBaTeIbHOM CHHTE3€ MBI MOJy4aeM YHHBEPCYM, KOTOPBIH Ha3bIBaeTcs (IIPSIMBIM,
wi  aexkaptoBbiM) mpousBeacHueM: U =Uj;x U, OObekTaMH Takoro yHHBEPCyMa OyayT
yropsitodeHHbIe Tapbl 00hekToB M3 Us m Uy & X = (X1, X2). 3mech CyIecTBEHHO, KaKOW M3 UCXOTHBIX
YHUBEPCYMOB HJET MEpBbIM, a Kakoi mocie Hero. Jlaxe eciam 3TH JBa YHUBEpPCyMa COBIAJAIOT, B
IIPSIMOM NIPOU3BEJICHUHU OHHU BBICTYIIAIOT B PA3HOM KAa4YECTBE: KaK IEPBbII M BTOPOU. B Kaknoi U3 3Tux
MO3HUIUI MOTYT OBITh CBOHM CBSI3M, @ TaKX€ OPHEHTHPOBAHHBIC CBSI3W HA BO3MOJXKHBIE COYCTAHMS
00BexToB B Tape. «JlekapTos kBaapaT» U? OTIMUaeTCs OT UMCIOBOTO BO3BEJICHHS B CTETEHB; B
YaCTHOCTH, B IIape (X, X) 00BEKT X B [IEPBOM MO3ULIMH — HE TO K€ CaAMOE, YTO 0OBEKT X BO BTOPOU: OAUH
U TOT K€ 00BEKT 37€Ch paCCMaTPUBACTCS C Pa3HbIX CTOpoH. Hamprmep, 0H MOKeT OBITh B3AT B pa3HbIe
MOMEHTbI BPEMEHU — U CYLIECTBEHHO M3MEHHUTHCS OT OJHOI0 K Apyromy. dopmanbHO, Mbl BIIOJIHE
MOXEM B35Th 32 OCHOBY IIPOTUBOIIOJIOKHbIM OPAI0K. OJHAKO B 3TOM CJIy4dae 1 BbIBOJBI TEOPUH OyAyT
3By4aTh MHAUe: HAPUMED, €CIH IPU OIHOM IMOPSAAKE X1 «IPEALIECTBYET» X2 , — IPOTHUBOIOJIOKHBII
HOPSIIOK TIpeAroiaraeT APYryl0 TEPMHUHOJOTHMIO: MBI TOBOPHM, YTO X2 «ciexyeT 3a» X1 . CuHTeE3
YHHBEPCYMOB OOBEKTHBEH; OH MpPEANOJaraeT MPaKTHUYECKOE HCIOIb30BaHUEe O0bEIUHEHHOTO
YHHMBEpCYMa, YMEHHE PealIbHO pa3inyaTh MECTO B IIOCJICAOBATEIbHOCTH.

MHOXXecTBa MPH TaKOM CHHTE3€ OKa3bIBAIOTCSI MHOXKECTBaMH YIOPSIOYSHHBIX Hap, ¢ y4eTOM
HAJIOKEHHBIX CcBs3el. Kax/iplii 21eMeHT MHOYKECTBA COICPIKUT KOMIIOHEHTHI OT Ka)JIOTO M3 UCXOIHBIX
YHHBEpPCYMOB. JIerko BUAETH, YTO, MPHU HAIMYMHA MHOXECTBA BCEX AJIEMEHTOB JJsl HAYaJbHOTO U
KOHEYHOTO YHHMBEpPCyMa IO OTIEIbHOCTH, MHOKECTBa HajJ OO0BbeIMHEHHBIM YHUBEPCYMOM BO3MOYKHO
TPaKTOBaTh KaK MOJAMHO)KECTBA OOBIYHOTO JIEKapTOBA MPOM3BEACHNUA MHOKECTB. OTHAKO MBI 3HAEM,
YTO TaKue <«rJI00ampHBIe» MHOXXECTBA MOTYT HE CYyIIEeCTBOBAaTh, a JEKApTOBBI IMPOU3BEICHHS
CYIIECTBYIOIIHUX 110 OTJAEIIbHOCTH MHOXKECTB HE 0043aTeIHhHO MOPOXKIAIOT Te )K€ CaMble MHOKECTBA Tap,
0COOEHHO NPH HAJIMYNHU OPUEHTUPOBAHHBIX CBS3EH.

ITocnenoBaTenbHbBIN CHHTE3 COOTBETCTBYET BBIJCICHUIO Y 00bEKTa Pa3sHbIX CTOPOH, ¢ KOTOPBIMU
MBI Ha NPAaKTHKE MOXXEM HMMETh JIeJI0 IO OoTAenpHocTH. Hampumep, Temmeparypa U JaBieHUE rasa;
IIMpPUHA PEKU M ee IyOMHa; WM oOLIecTBO B pasHble 31oxH. [lapanienbHblil cuHTE3, HaNpOTHB,
COCAMHSET YHUBEPCYMBI BHELUIHUM 00pa3oM, KakK B «IapajuIeIbHBIX» PEealbHOCTH (HampuUMep, Kak
pasHble 00JIACTH OAHOTO NMPOCTPAHCTBA, WJIM KOMIIOHEHTHI U (pa3bl MHOTOYACTUYHOM (U3MUECKON
cucrembl). B aToM ciyyae Mbl roBopuM o (mpsiMoid) cymme, win cynepnosuiun: U = Ug + Uy, Takas
CyMMa KOMMYTaTHBHA: HaM BakeH caM (hakT MPHUCYTCTBU OOBEKTOB, a HE MX MOPAI0K. B mocratouno
Pa3BUTHIX HEPApXUSX BO3MOXKHBI TAK)KE «B3BEILCHHBIC» CYIMEPIIO3ULNHU, KOTAA 3JEMEHTH Pa3sHbIX
YHHBEPCYMOB YYMTBHIBAIOT C pasHbiMH Kod(ddunuentamu. OOBEKTH pa3HBIX yHHUBEPCYMOB
COCYIIIECTBYIOT OJHOBPEMEHHO, MBI MOKEM HCIIONB30BaTh B paboTe u Te, u apyrue. Toraa Kaxmoe
MHOXeCTBO A Hajl 00beIMHEHHBIM YHUBEPCYMOM Oy JIET MPSIMON CYMMON MHOXECTB, TOCTPOCHHBIX HaJT
KaXXIBIM YHHBEPCYMOM 110 OTAETBHOCTH: A = A1 + Ay. OT 06beIMHEHNSI MHOKECTB 3TO OTJINYAETCS TEM,
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YTO 3JEMEHTHl W3 pa3HBIX YHHBEPCYMOB HE CMEIIMBAIOTCS, OHH Y4YacTBYIOT B TEOPETHKO-
MHOKECTBEHHBIX MTOCTPOCHUSX 110 OTJEIBHOCTU. B 4acTHOCTH, HEIb3s1 TOBOPUTH O IMOJTHOM KOJIMYECTBE
9JIEMEHTOB MHOXKECTBA: €CTh KOJIMUYECTBO 3JIEMEHTOB OJIHOTO U IPYT'Or0 YHUBEPCYMa, JIBa YHCIIa BMECTO
onHoro. He Bcsakne xomOuHamuu (IpsIMBIE CYMMBI) MHOXeECTB, HaacTpoeHHBIX Hag Ui m U, mo
OTIEIBHOCTH, OyAyT MHO>KECTBaMHU 00BbEJMHEHHOI'O YHUBEPCYMa: CYIIECTBOBAHUE PE3YJIbTATa CIEAYET
yCTaHaBIUBaTh 0c000, UCXOSI U3 UMEIOLIMXCSI CBA3EH.

IlocnenoBatenbHOe OOBEIMHEHNWE YHMBEPCYMOB IIO OTHOIIEHMIO K MHOXECTBaM SIBISIETCS
BHYTPEHHHM: KaKIbI 3JIEMEHT MHOXECTBA pacLIelyisIeTCsl Ha JBe KOMIIOHEHTHl. Hamporus,
napajieJbHOe 00beIMHEHNE CBA3BIBACT MHOXKECTBA BHEIIHUM 00Pa30M, HE MEHSISI X DJIEMEHTHI.

Ecm A=A:1+A; u B=B:+B; o0benuHeHHE MHOXXECTB MPOUCXOIUT TOKOMIIOHEHTHO:
AU B=A;UB;1+ Ay U By Tlockonbky e B MpeAMETHOH TEOpPHUH HE OBIBACT MyCTHIX MHOXKECTB, B
Ka)XIIOM MHO>XECTBE HaJl COCTaBHBIM YHHBEPCYMOM JOJDKHBI IPUCYTCTBOBATh 00€ KOMIIOHEHTHI. JTO
BIIOJIHE aHAJIOTUYHO TOMY, KaK IeKapTOBO MPOM3BEIECHIE COAEPKUT TOJIBKO Maphl 3JIEMEHTOB: MO3ULIUT
B KOpTEXe HE MOTYT ObITh mycThIMU. [loaTomMy mepeceuenune A N B = A m By + A2 m B, cymmectByet
TOJILKO MPH OJTHOBPEMEHHOM HaJdW4yuH 00muX 31eMeHToB Y A1 u By, n 'y A> u By, 3amerum, 4to HH TO,
HHU JpYyroe nepeceueHre He 00s3aH0 CyIIeCTBOBATH MO OTAENBHOCTH Kak MHOecTBO Hax Ui m Up
COOTBETCTBEHHO; OJHAKO B KayeCTBE KOMIIOHEHT COCTaBHOTO YHHUBEpCYMa OHH OKa3bIBAaIOTCS
BO3MOKHBIMH.

B obmem cnydae ynuBepcyM U MOeT OBITh MHOTOKOMIIOHEHTHBIM, C Pa3HBIMH THIIAM
COCJIMHEHHS KOMITOHEHT. B 9TOM ciy4ae OCOOCHHO Ba)KHO JIOTIOJIHUTH (OpPMabHBIE TTOCTPOCHHUS
aHaJIM30M CYUIECTBYIOIIMX orpaHuydeHuil. KoppekTHOCTh pacCyXI€HUl B TaKOW TEOpUHU CBsi3aHa HE
TOJIBKO C €€ JIOTMKOW, HO M CO CTpOeHHMeM Ipeamera. Hampumep, nomyctum, 4To S — yHHBEPCYM
cuMnToMoB, C — MHAMBHAYaJIbHBIE OCOOEHHOCTH MalMeHTa, M — yHHBEpPCYM CXEM Tepamuu; Toraa
MHO>KecTBa Haj yHHBepcyMoM (S + C) x M mpeacTaBisiFoT BO3MOKHBIE METOIUKH JICUSHUs 00JIe3HEH.
[loHATHO, YTO HaneKo HE BCSIKHME KOMOMHALMM HMMEIOT CMBICI. B KauecTBe CBSI3M 31€Ch MOXKEM
BBICTYIIaTh AMHAaMMKa 3a00JieBaHMSA, KOTOPYIO HaM BaXHO HAaNpaBUTh K BBI3IOPOBJICHHIO, a HE
HaobopoT. [Iponecc nedeHns npeacTaBiseTcs B 3TOH CXeMe M0CIeJ0BAaTeIbHOCThIO MHOKECTB, KOTa
METO/IbI JICYSHHUS PETyJIIPHO MOICTPAUBAIOTCS MO U3MEHEHHSI B COCTOSHUH OOJIBHOTO.

Jii MHOXeECTB COCTAaBHOTO YHHMBEpPCYyMa OOBIYHBIM 00pa3oM ONpeNesioTCs BHYTPEHHHE
MHOXECTBa M KJIacchl (BHELIHHE MHOXecTBa). [IoMUMO 31eMeHTapHbIX KIacCoB, 3/1€Ch MOSBISIOTCS
TaKKe Pa3HOTO pojJa MPOEKIUH: KIAcChl MHOKECTB, COBMAJAIOMIMX IO OAHOW M3 KOMIIOHEHT.
Hanpumep, MOXHO paccMmarpuBaTh MapaMeTpuueckoe cemeiictBo A = A+ *;, moHuMas monm *
NPOM3BOJIEHOE MHOXECTBO Haja yHuBepcyMoM U, Kiace cymectByromux Hag U cymm Takoro Buia
(mpoexuus Ha A1) onpenenseT HeKOTOPbIi kiaace Hag Uz, KOTOPBIHA MOKHO ObLIO ObI HA3BaTh CMEKHBIM
knaccy A; BooOIrie roBops, OH MOXKET He CYIIecTBOBaTh B uepapxuu Han U, cam o ceGe. [lepeceuenne
3TOTO Kiacca ¢ cobcTBeHHBIMU Kiaccamu Uz oOpasyer rpanuiy cemeiictBa A B Uz. TouHO Tak ke
OTIPENIEIIAIOTCS KIACChl JEKAaPTOBBIX MIPOCKIMNA — CeMecTBa MHOXKECTB € 3JIeMEHTaMH BUAa (X1, *) WIx
(*, X2). Kak m B ciy4ae njieMEHTapHBIX KJIACCOB, HEPAPXHUS 37€Ch 3aMBIKAeTCS Ha ce0sl, TOCKOIBKY
MOJYYEeHHBIE CTPYKTYPHI OKa3bIBAIOTCS MONOOHBI KAKUM-TO U3 YK€ UMCIOIINXCS B TEOPUH O0BEKTOB.

PazymeeTcs, MOKHO paccMaTpuBaTh W JAPYTHE CTPYKTYPHI Ha YPOBHE MHOMKECTB (JIOTHYECKUE
CTPYKTYPBI), U TIOPOXKIAEMBIE UMH «KJIACCHI KBHBaJleHTHOCTH». OiHaKo camu 1o cebe GopMaibHbIe
KOHCTPYKIMM HE CTAaHOBATCS KOMIIOHEHTAaMHM TEOPUH: [UIi 3TOT0 HY)XXHO €IIe€ M IPEeAMETHOE
HaroyiHeHne. COIoCTaBUMOCTh KJIACCOB C KOMIIOHEHTaMH YHHUBEPCYMa KakK pa3 M JaeT KpuTepuil
IpUeMIIEMOCTH (OPMAJIbHBIX IPOLEAYP, OTPAHUYHUBAET 001aCTh UX IPUMEHUMOCTH.

Wrtak, Besikas mpeaMeTHas TEOpusi MHOXKECTB: 1) ommpaercss Ha HEKOTOPBIH, HE 005S3aTeIbHO
(¢opManbHO ompeneNeHHbI YHUBEpCYM; 2) HaJACTpauBaeT HajJ YHUBEPCYMOM YPOBEHb MHOXKECTB;
paccMaTpuBaeT KIacChl MHOXKECTB; 3) HACHTU(GHULIUPYET KIacchl ¢ 00bekTaMu yHuBepcyMa. CTpoeHne
npeaMeTa ONpeNeIsieT CTPYKTYPY TEOPHH.

aszycm 2006
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KapauHanbHasA nepapxmM4yHoCTb

BceM m3BecTHa KaHTOPOBCKas HepapXwsi OSCKOHEUHBIX KapAWHAIBHBIX YHCEN: CIeXyIOIIni
YPOBEHb BO3HUKAET MPH PACCMOTPEHUH MHOXKECTBA BCEX MOJMHOMKECTB OECKOHEYHOTO MHOXKECTBA.
MoXHO TPOHYMEpOBaTh 3TH OECKOHEYHOCTH WENBIMH dYHcIaMH (OpAMHATIAMH): JTHUCKPETHOM
OECKOHEYHOCTH COOTBETCTBYET YpoBeHb (), KOHTUHYYM — OE€CKOHEYHOCTh YPOBHS 1, BCEBO3ZMOXKHBIE
(hyHKIIMM HaJ KOHTHHYYMOM — YPOBEHb 2, U T. JI. Pa3ymeercs, MBICIIUM ¥ BBIXOJ 32 MPENeNbl 3TOH
UepapXuu — KakK HeKue OECKOHEUHbIE OPAMHAIBI, BKIIFOUasi HECUETHBIE.

B 3Tux TepMMHax, 3HaMEHHUTas KOHTHUHYYM-THUIIOTE3a YTBEP)KJAET, UTO HE CYIIECTBYET YPOBHSA
MOIITHOCTH MEXY HYJIEM U €IUHULIEH. Y TBEpKACHNE CHIIBHOE, U B paMKaX aKCHOMAaTUYECKON TEOpHH
MHOJKECTB €r0 Hellb3sl HM J10Ka3aTh, HU ONpPOBEPTHYTh. MOXKHO MOKa3aTh, YTO Takas CyIIECTBEHHAs
JTUCKPETHOCTh CBfA3aHAa C JABY3HAYHOCTBIO JIOTMKH (CIOCOOOM KOHCTPYHMPOBAHHS ITOAMHOYKECTB).
OpnHaKko HUKTO HE 3ampeniaeT HaM HECKOJIBKO PaCIIMPUTh WSO MHOYKECTBA, COXPaHsIs TPaAULIMOHHbIE
MPEICTAaBIIEHUS KaK HpenenbHblid ciydaid. CymecTByeT 0000IIeHne, MO3BOIISIONIEE KOHCTPYKTHBHO
MOKa3aTh, YTO KOHTHHYYM-THIIOTE3a B 0000IIEHHON Teoprun HeBepHa.

JeiicTBuTenpHO, 00OpaTUM BHIMAaHWE, YTO B TPAAUIMOHHON TEOPHU AJIEMEHTH O0BEIUHSAIOTCS B
MHOKECTBAa BHEIIHUM 00pa3oM, KaK TPOTHBOIIOCTABICHHBIE MAPYr Apyry. Kaxkneii smeMeHT
COOTBETCTBYET OJJHOW W TOH K€ CUETHOH eINMHUIlEe, KOTopas JJisi OECKOHEYHBIX MHOYKECTB OECKOHEUHO
MaJla — HO BCE K€ COXPaHseT KaueCTBEHHYIO OINPEAeICHHOCTh, OOIIYIO /ISl BCEX 3JIEMEHTOB (MMEHHO
MO3TOMY MBI UIMEEM IIPABO UX MEPEeCcUUTHIBaTh). [l03TOMY KaHTOpOBCKas HEpapXusi — 3TO PsiJ] BHEIIHUX
0ECKOHEYHOCTEH.

HomnycTuM Teneps, 4To 31EMEHTHI MHOXKECTB — HE IIPOCTO CUETHBIE EAMHHUIIBL, a KOKABINA U3 HUX
obnagaeT BHyTPEHHUM CTpoeHHeM. Hampumep, ka0l Touke (JIEMEHTY MHOKECTBA) COOTBETCTBYET
HEKOTOpPOE BHYTPEHHEE MPOCTPAHCTBO, CO CBOCH BHEIIHEH MOIIHOCTHIO0. BooO11ie roBops, ycTpoicTBO
BHYTPEHHHUX MPOCTPAHCTB Yy pa3HBIX 3JIEMEHTOB He coBmagaeT. OgHAKO, €CIM MBI XOTHM H3y4aTh
JIOCTATOYHO MEJIOCTHBIE OOBEKTHI, MOXKHO TOJaraTh, YTO NPUHIUI Pa3BEPTHIBAHUS BHYTPEHHETO
MPOCTPAHCTBA y BCEX TOYEK OJMHAKOB — U MIX BHYTPEHHUE MTPOCTPAHCTBA, KAK MUHIMYM, OTMHAKOBOH
MOIITHOCTH; BO MHOTHX NPAaKTUYECKN BAXKHBIX CIy4asx (HalpuMep, IPH ONHCAaHWU MEXaHHYECKOTO
JIBHYKEHHUS) TOITyCTUMO TTOTPeOOBaTh U OJIMHAKOBOCTH TOTIOJIOTHH.

B mpocreiiimem ciiydae BHYTpeHHEE NPOCTPAHCTBO IUCKPETHO (HEYTO BpOJIe CIHMHOPHBIX
KOMIIOHEHT). DTO ypoBeHb () B HepapXuu BHEUTHHX MoIIHOCTeH. OTHAKO TOYHO TaK K€ KaXKaas TOYKa
MOKET BHYTPEHHE IPEACTaBIAThCI HEKOTOPOW HENMPEepPBIBHON OO0NACThI0O — 30HOW, MHOXECTBOM
ypoBHs 1. Ha npakTuke Takue cuTyaiuu He peakocTs. Hanpumep BocnpuaTie Y4McToro ToHa HEKOTOpoit
BBICOTHI (JIorapu(M YacTOTHI 3ByKa) MPEACTABISET €ro Kak HEKOTOpOE pacrpeneleHHe YacTOT B
OKPECTHOCTH XOpOLIO BBIpaXEHHOT0 MakcuMyma. OTcrofa cleiyeT, 4YTO BO3MOXKHBIE HaOOpPBI
BOCIIPUHUMAEMBIX KaK pa3IHYHbIC TOHOB 00pa3yroT 30HHBIE CTPYKTYPHI (3BYKOPSIbI, JTaJbl, CO3BYYHsI),
KaKIIbIi 2IEMEHT KOTOPBIX BOBCE HE TOUKA, a KOHTHHYYM BO3MOKHBIX OTKJIOHEHHI OT IIEHTpa 30HBL. |
Kax onpenensars MOIIHOCTH TaKOTr0 MHOecTBa? C 0/1HOM CTOPOHBI, OHO TUCKPETHO, a C APYTrof — 3TO
Ha0Op KOHTHHYaJIbHBIX HHTEPBAJIOB.

OnpenenuM Tenepb MOIIHOCTH JABYXYPOBHEBOTO MHOKECTBa (CO CTaHAAPTHBIM BHYTPEHHHM
MIPOCTPAHCTBOM KaXKJIOTO 3JIEMEHTA) Kak mapy kKapauHanbHbeIX uucen (Ki, Kz), roe Ky u Ky 3amaror
YPOBHHU MOIIIHOCTH BEPXHETo (BHEUIHEr0) U HIWKHETo (BHyTPEHHET0) COOTBETCTBEHHO. B wacTHOCTH,
BHYTpPEHHEE MPOCTPAHCTBO MOXKET OTCYTCTBOBATH — B 3TOM Cilydae OHO d((EKTHBHO COCTOHT W3
OJTHOTO 3JIEMEHTa, W €r0 ypOBEHb MOIIHOCTH PaBeH HYNI0. TakuM 0Opa3oM, YHCTO TUCKPETHOE
MHOXXECTBO TIPEICTABISACTCS Hepapxudeckoil MOmHOCTEIO (0, 0), OOBIYHBIH KOHTHHYYM HMEET
motHOCTh (1, 0), a TUCKpeTHas CTPYKTypa ¢ KOHTHHYAJIbHBIM BHYTPEHHHM IPOCTPAHCTBOM HMEET
momHocTh (0, 1). Tlopsmok Ha MHOMXKECTBE HMEpPAPXUYECKHX MOIHOCTEH JIOTUYHO YCTaHOBUTH

1L.V. Avdeev and P. B. Ivanov, “A Mathematical Model of Scale Perception”, Journal of Moscow Physical Society,
3, 331-353 (1993).
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JIeKCUKOTrpaduuecKu: CHavaa o nepBoMy 1MoKasarelo, moTomM 1o Bropomy. Ouesnno, (0, 0) < (1, 0).
Onnako croinb xe ectectserno (0, 0) < (0, 1) < (1, 0). Takum 06pa3oM, CYIIECTBYIOT HEPAPXUIECKUE
MHOYECTBA C MOIIHOCTHIO MEX/TY TUCKPETHBIM H KOHTHHYYMOM.

Pasymeercsi, mpoiiecc MOKHO MPOJIOIDKATh U JAJIbIIIE: SJIEMEHTBI HIYKHETO YPOBHS TaK)Ke MOTYT
OBITh BHYTPEHHE CIOXHBIMH. OrpaHMYHMBAsCh TMOKA MEPBBIMH JBYMsI KaHTOPOBCKUMHU YPOBHSIMH,
MOJIYYMM KapIuHAIBHOE YUCIO HEpapXHUecKoro MHokecTBa Kak (b1, b2, bs, ...), e bk pasusr 6o 0,
7160 1. JIerko BHIETH, YTO 3TO SKBUBAJICHTHO JBOMYHON 3aIICH HEKOTOPOT'O BEIIECTBEHHOTO YMCIa B
unrepsaie (0, 1) — cymecTByeT 66CKOHEYHO MHOTO MHOYECTB ITPOMEKYTOYHOM MOIIHOCTH.

KoHeuHo, cTpoeHre BHYTPEHHEH HepapXUh MOXET OBbITh JOCTATOYHO CIOKHBIM. Hampumep, B
HEM BOCIIPOM3BOAUTCS OObIYHAs HepapXusi OECKOHEYHBIX OparHaAIOB. OCOObI HHTEPEC MPEACTABIISIOT
CHUTYaIlMH, KOTrJa MPOCTPAHCTBA Pa3HBIX YPOBHEH HM30MOPGHBI: HEPApXHs B STOM Cly4ae y)Ke He
OCTaHETCs MPOCTON APEBOBUIHON CTPYKTYpOW, 8 MOXKET COAEpXKaTh LMKIbl U METIH. Brluncinenue
MOII[HOCTHY TaKMX MHOXECTB — OCOOBIN HHTEPECHBII BOIIPOC.

urone 1994

KauyectBo oTpuuaHus

Kaxk Y4uT (1)I/IJ'IOCO(1)I/I$I, TJIaBHOC HAa3HAYCHUEC YCJIOBCKA pa3yMHOI'0 — CBA3BIBATH MUP BOCIUHO,
COEIUHATh TO, 4TO 0e3 Hac HHUKaKUM 00pa3oM COEIUHHUTHhCI He MokeT. [loaTomy oOOBIYHBIE B
MaTeMaTHKE COIMOCTABIEHUS OIHOTO C IPYI'MM — 4YacTh pa3yMHON paboTel. llo km3HM Wacto
OKa3bIBAETCS, YTO HABBIKM W3 OJHOW OTpaciW MPOM3BOJCTBA NPEKPAcHO paboOTaroT B APYTo, —
MaTeMaTHYIECKHUH A3bIK I (PUKCAIIH TaKuX (yHIAMEHTAIbHBIX CXeM OBIBAE€T OYEHDb YJ00EH U TOTOMY
0e3ycnoBHO BaxeH. OMHAKO TpPE3BO OICHMBATH HMMEIOIIUECS BO3MOXKHOCTH TOXE HEOECIIOJIC3HO.
[TockonbKy MBI JIUIIB YaCTh MUPa — CKOJIb YTOIHO TIOJTHOE MPEICTABICHNE €T0 B HAIMX a0CTPaKIHIX
0CTaeTCs BCEro JIMIIb YaCTUYHBIM, M HH OJTHA U3 (DOpMabHBIX KOHCTPYKIIUI HE BIIpaBe MPETEHI0BAThH
Ha OC30rOBOPOYHYK) YHHMBEPCAJILHOCTh. B YacTHOCTH, €CIU yAalioch CBsI3aTh MAapy-TPOUKY
MAaTEMAaTHUYCCKUX O6’I)€KTOB, BIIJIOTH 10O MOJTHOM HpaKTI/I‘lCCKOI‘/'I HEPA3JININMOCTH, TO HUKOUM O6p330M
HE O03Ha4dacT, 4YTO OHMH HEC IIOXKCJIAalOT B KaKoM-TO CUTyallul BCIOMHUTHL O CBOUX pPa3IMuuAgX, U
NOTPeOYIOT IPpyroi MaTeMaTHKU, — MPU BCEM YBAXCHUH K TPAJUILIUSIM.

C apyroii cTOpOHBI, pa3HOOOpa3ue YaCTHOCTEH BO3HHKAET HAa (JOHE MCKOHHOW YHHKAIIBHOCTH
MHUpa: HUKaKUX IPYTHX MHPOB HET U (CIENOBATEIhHO) OBITH HE MOXKET. B uemoBedeckoil mpakTHke
(BKITIOUAsT MATEMATHIECKYI0) 3TO 03HAYAET CKPHITOE MPUCYTCTBHE 3a4aTKOB OYIyIIEro B MPOILIOM U
HACTOSAIIEM: €CJIA MBI IO Ye€T0-TO JIOJyMAaJMCh, OHO CYIIECTBOBAJIO M B MPEKHUX MPEICTABICHUIX —
HO JIO0 TIOPBI HE TMPUBJIEKAII0 BHUMaHUs. TO €CTh, THITOBAsI TEXHOJIOTHsI HAYYHOTO OTKPBHITHS — B3STh
4yT0-HUOYAb 10 00JIM 3HAKOMOE, O YeM MPHINYHBIE JIOH B 00IIeCTBE HE Pa3rOBapHBAIOT, — U yKa3aTh
MaJeHbKHE TOHKOCTH, KOTOpBIC MHpPU ClIydae CTaHYT HCHOJHEHBI BEIUKOro cmbiciaa. KoMy mneHb
0 OPMIIATH TAKUE OTKPBITHS — MOTYT OIPaHUYHUTHLCS MPEIBAPUTEIHLHBIMU 3aMEUaHHUSIMH, TTOJTHOCTBIO
B pycJie OOIIEU3BECTHOTO — HO C (PUIOCOPCKUMU IKCKYPCAMH.

Bort u naBaiiTe BO3bMEM HEUTO COBEPILICHHO 3ayPsIAHOE U TOCMOTPUM, HENb3S JIU YIIIAAETh B HEM
HEJIOOLIEHEHHBIN TBOPUYECKUM MOTEHIIUAI.

Eciu eme He pOXICHHOMY MIIAJICHIY B yTpoOe MaTepu 3aJaTh BOIMPOC: CKObKO Oydem 06a
MuHyc mpu? — OH HE 3aJyMbIBasICh OTBETUT: KOHEUHO dce, Munyc ooun! JIeHuBbIH Qumocod TyT ke
M0I0packIBAET BOMIPOC Ha 3aCHITIKY: ¢ ¥Mmo makoe MuHyc ooun? MitageHer yemieT MyImoBHHON B 3aThLUIKE
Y MBIYHT: HY, 9O YUCIO MAKoe... — OMpUyamenbHoe, — 8pooe eOUHUuYbl, Mmoabko ¢ Murycom. TyT Mbl
JIOTa/IBIBAeMCsl, 4TO OeceryeM ¢ OyAyIMM MaTeMaTHKOM: JIFOM OOBIKHOBEHHBIE, KaK IIPABUIIO, JIUIIICHBI
MOI00HOH KpPUCTAPHOCTH TOHWMaHHsA. MHOTHEe cOWnM OBl 33/]auKy Ha BBIYMTAHHE HEKOPPEKTHO
MOCTaBJICHHOM: HENb3s W3 MEHBIIEro BhIUecTh Ooubiiee! J[pyrue coriacuiuch ObI CO IIKOJBHBIM
OTBeTOM (MHUHYC OJIMH) — HO C J00aBIIEHHMEM, YTO TAKMX YHCE]I Ha CaMOM JeJie HET, 3TO YUCTas
YCIIOBHOCTB, B pacyeTe Ha TO, YTOOBI KOTJa-HUOYb MPUCTPOUTHCS K JOCTATOYHO MOJOKHUTEIHHOMY
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YHUCIy — U YMEHBIINUTH €T0 B pa3yMHBIX IIpefiesiaX. B ecTeCTBeHHBIX S3bIKaX OTPHULIATEIBHOCTD IPOYHO
aCCOIMUPYETCs C AYPHBIM M HETIPABHIILHBIM, C OOJIE3HEHHBIM U3BPALlICHUEM, — YEro B HOpME OBITh He
JojokHO. HakoHell, ecTh JpeBHSS HpoQeccus, MPEeICTaBUTEIN KOTOPOH TIIyOOKO YOIKICHBI: HUKAKUX
OTPHUIIATEIBHBIX YHCENl HET, a €CTh peallbHbIe KOJIMYECTBA IO Pa3sHBIM CUeTaM, KaXIbli U3 KOTOPHIX
MPEJCTAaBIIEH TAapOi: ¥ HAC ecmb — HAM HYX#CHO, WIH, WHAYE: Mbl OOIHCHbL — HAM OOJCHbL.
CoOTBETCTBEHHO, pa3INYalOTCsl aKTUBHBIC U ITACCUBHBIE CUETA, OIEHKA COCTOSHUS — HITH JIOJITOB.

I'mymo BBICHATH, KTO M3 HHUX OJIDKE K UCTHHE: MPaBbl BCE — HO KaXIBI B MpeeIax CBOEro
ombITa. M kKaxxaomy cBOsI MaTeMaTuka. B moHaydHyrO S1IOXY HpU3HABAJIM, YTO JH00ast BEllb o0iagaet
OYKEeTOM pa3HBIX KayecTB — a B Ipeleiax OJHOTO KauyecTBa MOXKHO TOBOPUTH O KOJHYECTBEHHBIX
pazmuuusax. To ecTh, cHayana: ecTh WJIM HET, — a YK €CIIU €CTh, TOrga CKojibko. OTCyTCTBHE MBI
o0o03HayaeM HyJeM; Ul HAJIMYHOTO BHIOMpPaeM eIWHHLBI U3MEPEHUS — M BCE CBOAUM K MPUHATON
LIKaNe; o KaKAOMY HU3MEpPEeHMI0, Yucio 1 cerlmaercs Ha BRIOpaHHBIN MaciiTad. AHTUYHOMY FeOMeTpy
3apaHee SICHO: y OTpe3Ka €CTh JUIMHA, U 3TO HE 3aBHCHUT OT TOr'0, KaK U B KaKOM HAIIpaBJIEHUU MBI €T0
OTKJa/pIBaeM. TOYHO TaK ke, eCTh Iomany Guryp u oObeMbl TeI; KOrAa 4Yero-T0 N3MEpPUMOro HeT —
MTOHSTHSA JITUHBI, IO HIIH 00beMa MPOCTO HEYMECTHBI, M TOBOPHUTH O HUX — JIOTHUYECKas OIHOKa.

OmHaKo Jr0AM KUBYT HE OJHIM MTHOBEHHEM: y HHUX €CTh IpoImioe u Oyaymiee. O mpomioM —
mamsTh, Mpo Oyaymiee — IUIaHbl. I MOXXKHO MOJOMTH K BONPOCY MO-YEIOBEYECKH IMOIMOHAIBHO,
coykaJes, YTO OBLION CIIaBHI YK€ HET, @ YeTr0-TO OYeHb YKEJIATEIFHOI0 — TOKa HeT. DTy TPYCTh MBI H
0003HaYaeM B MaTeMaTHKe 3HAaKOM — (MHUHYC).

BakHBIlT MOMEHT: 1O CPAaBHEHHIO C MPOCTOW KOHCTAaTallMedl OTCYTCTBHUS, OTPHIATENBHOCTh —
Cepbe3HbIil mar Brepen. He HONb, a Taku HaNMW4YNe — HO HIEANBHO: B CYOBEKTe, W B APYTUX Telax
(xak cieq Wi BO3MOXKHOCTB). [IOHATHO, YTO Takoe ObITHE HECKOJIBKO OTIMYAETCS OT HACTOSILETO, U
CMELIMBATh MX B OJHY Kyd4y, BOOOIE rOBOps, HEMpaBMJIbHO. EAMHUIIBI M3MEpeHUs] y HUX pasHbIE.
OnHako ecTh 1 o011ee: caM (aKT KaueCTBEHHOH ONpeNeNeHHOCTH, U IIOTOMY — H3MEPUMOCTHU. 3HAYHT,
MOXXHO B KaKOM-TO CMBICIE (TO €CTh, B KOHTEKCTE ONpEIENIEHHOW AEATEIbHOCTH) YTOA0OIATH
MTOJIOKUTENIBHOE OTPUIIATETFHOMY M pacCMaTpHBaTh WX KakK SIBICHUS OJHOMOPAIKOBBIE. Pazymeercs,
€CJI He 3aparopTOBaThCS M HE OTPUHYTH HANIPOYb BCSIKUE PA3IIMYNS.

Uto05! nepxath ce0sl B paMKax M He JOMYCKaTh M3JIUIIHE (POPMATFHOTO OTHOLICHHS K Ay —
€CTh TIPOBEpeHHbIe (hopManbHbIe TprueMbl. OIMH U3 HUX — TO caMoOe pa3Be/ieHne nebeTa u KpenuTa,
MMOTYEPKHYTOE Pa3IMYeHHe TOTO, YTO IO JKM3HU pa3inudHo. [[ebeT n KpeauT — MpOoTHBOIOIOKHOCTH,
OIIHO OTPHIIAET JAPYToe; HO ATO HE KOJWYECTBEHHOE OTPHUI[AHWE, a MPOTHBOIIOCTABIICHHE Pa3HBIX
KadyecTB. ['e-To B Apyrom mecte, [UIs BBICIIETO PyKOBOJCTBA, — OHO 0€3 pPasHHUIBI, © MOXHO OAHY
OoJbIIyIO Kydy BBIYECTb W3 Apyroil. Ho 310 Bua m3naneka — a B jKMBOW OyXraiarepuu HaJg0 YECTHO
3alUCHIBATh B 1Ba cToNOMKa. Erie pas: 370 He qUKHIT NPUMHUTHBU3M, HE 3aMIIesas TpaAULus, a TOUHOE
OTpaXCHUE peanuil ObITHA. Y KaXIOro eCTb OTell U MaTh — 3TO IUIIOC; KOTO-TO MOJHUMAja MaTh-
OJIMHOYKAa — M OJIHOTO POJUTENS HE XBaTaeT, OH ¢ MUHYCOM, — HO 3TO BOBCE HE TO € caMoe, 4To
(dakTHYECKH HMETh TOJBKO OJHOTrO poauTens (Hampumep, NpU mapreHoreHnese). To ects, 2-1
KauecmeeHHO OTINYAeTCsa OT MPOCTON €ANHUIBI. A IIKOJIbHOM MaTeMaTHKe BCE €AMHO. ..

TouHO Tak e, MPH MMOICYETE PECYPCOB: B IUTIOCE ¥ HAC BCE, UTO KOTAA-THO0 MOCTYIAI0, — 3TO
(bakT HacTosmiero BpeMeHH. OTHAKO YacTh M3 ATOTO YK€ M3PACXO/IOBaHA W MPHUCYTCTBYET TOJIBKO B
MamMsATH — 3TO MHUHYC Tpoineamero BpemeHd. C Ipyroil CTOPOHBI HAllM MOTPEOHOCTH — MHHYC
OyZIymiero BpeMeHH!, KOTOPBIA MOXKET CYIIIECTBEHHO TIepEBEIINBATh HATMIHOE N300MIHe. 3aMeTHM, 9TO
TTOJIO’KUTENTEHBIE YMCIIa XapaKTePU3yIT 00BEKTHBHOE MOJIOJKEHHUE Bellel — TOT/[a KaK OTPHIIaTEIbHEIE
Oospire 0 CyOBEKTHUBHBIX mepexuBaHusaX. [lo kpailiHell mepe, MOka MBI OTPAaHHMYUBAEMCS OIHHM
YpPOBHEM HepapXuu. B 3TOM cMmbICie mpaBel Te, KTO CYUTAET OTPUIATENFHBIC YWCIIA BCETO JIWIID
YCIIOBHOCTBIO.

YroOBl yyecTh YCIOBHOCTH, MATEMAaTHK MOXET NPEACTaBUTh «0000IIEHHOE) YHCIIO S KOPTEXKEM
U3 JByX KOMIOHEHT (&, b), rme a mb — HeoTpunarenbHbie BellecTBEHHbIC YHCia (KOTOPHIE MbI
NPE/NOIOKUTENBHO ONpeneuTh ymeeMm). KomroHeHTsl @ W D MbI Ha3biBaeM, COOTBETCTBEHHO,
MOJIOKHUTEIFHOW M OTPHLATENBHOM YacThl0 YMClIa S — a €ro Mbl, A ONpEeACIeHHOCTH, Oyaem
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UMEHOBATh A0OUMUBHO PACUIeNIeHHbIM BeUeCMBeHHbIM Yuciom (WIH TPOCTO pacujenienuem, paau
SKOHOMMHU MECTa U YNTATEITHCKOTO BHUMAHMA).

beio B mMaremarmueckoi mpaktuke HedTo momaobnoe? [la ckompko yromuo! Hampumep,
panroHATBHBIE YUCIA MBI OTIPEJICIISIEM KaK Mapy IENbIX — C MPaBMIaMi KOMOMHUPOBAHUS KOMITOHCHT,
MOJTOOPAaHHBIMHU TaK, YTOOBI 3TO HAITOMHUHAIO OOBIYHYIO apudmernky. TOUHO Tak ke, KOMIICKCHBIE
YHUCclia MBI OIpenesieM 4epe3 IEHCTBUTENbHYI0O M MHHMYIO YacTH — OISTHh Ke, C MOIXOASIIeH
nmetanm3arueit apudmerrku. Tak modeMy ¢ OTPHIIATSILHOCTHIO HE TIOUTH IPOTOPEHHBIM ITyTeM?

Ecin TpakTOoBaTh KOMIOHEHTHI KOPTEXa KaK KOOPAWHATHI TOYKH Ha IUIOCKOCTH, Oa3uCHBIC
BEKTOpa 3TOr0 MPOCTPAHCTBA HA3BIBAIOTCS MOJOKUTEIBHOM M OTPULATENBHON €IMHMIIEH, KOTOpPHIE
€CTeCTBCHHO 0003Ha4YuTh cuMBojiamu (+1) u (-1); dopmanbHo, (—1) — HepacuICHUMBIN 3HAK IS
HEKOTOPOH EIWHUIBI M3MEPEHHUs, BOOOIE TOBOPsS, HUKAK HE CBS3aHHOW C CIWHUIICH W3MEpPCHHS
MOJIOKUTENIbHOM yacTh. [lepeBoa OAHMX €IUMHUI] B APYrue TPeOYyeT COOTBETCTBYIOIIECTO Pa3MEPHOTO
MHOKHTEJIS.

[o aHanoruu ¢ KOMILICKCHBIMHU YKCIaMHu (M JTUHEHHOM anreOpoit), 10ImyCcTUMO BBECTH YCIOBHO-
anrebpandeckyro Hotarmio S = a+(—1)b. Basucusiii Bektop (+1) 3mech Mo TpaguuMK OMyHmieH (HO
BCeTa TMojipa3zyMeBaeTcs). MUHUMANbHEIN HA0Op TOJIE3HBIX CBOMCTB BEMICCTBEHHBIX PACIICTIICHIM
MOJKHO TIPOWIIIOCTPUPOBATH NMPHUBEACHHOW HIDKE TAONWYKOM, TA€ TAKKe IMOKA3aHBl aHAJTOTUYHEIE
MIpaBHJiIa JIJIs] KOMIDIEKCHBIX YHCETT.

pacuienjienun KOMRNJIEKCHble yucia
-)* =1 i*=(-1)
1/(-1) =(-) 1/i= (=i
s=a+(-1)b c=a+ib
a=Poss a=Imc
b =Negs b=Rec
s =Pos s+ (-1) Neg s c=Rec+ilmc
s,+5, =(a +a,)+m(b +b,) C,+C, =(a,+a,)+i (b +b,)
sS, = (aa, +hb,)+m(ab, +ba,) | cc, =(aa, +(-1)bb,)+i(ab, +ba,)
Pos (-1)s = Neg s Reic=(-1)Imc
Neg (-1)s = Pos s Imic=Rec
(-Ds=b+(-Da ic=(-Db+ia
Pazymeercs, ¢ GopmanbHOM TOYKM 3pEHHS, 3TH PABEHCTBA HE OYyIyT HE3aBUCHMBIMH — HO HAC

MHTEpECyeT CYTh Jena, a He GopManbHOCTH. UTO U3 4ero BEIBOAUTE — 3aBUCHT OT IPUHITOM CTPAaTETUH
apuMeTH3aum; HapruMep, MOKHO UCXOJUTh U3 anreOpsbl orepannii HaJl paciIeTUICHUSIMUA U 000U THCH
0e3 OTCBUIOK K WX BHYTPEHHEMY CTpPOCHHIO (TIPEICTAaBICHHE KOPTEXKaMH): TOJOXKUTEIbHAS |
OTpHILIATENIbHASL YaCTH PACHICIUICHHSI MOSBATCS TOTAA B TEOPUH KaK (QyHKIIMOHATBI (0OTOOpaKCHUS W3
NPOCTPAHCTBA PACHICINICHUH B TPOCTPAHCTBO BEIIECTBEHHBIX YHCEN), MM KaK OTOOPaXKEHUST OJTHHX
paciieruieHuii B Apyrue (MpOoeKTopsl). TpagullMoHHO, MBI HIEM OT BEIIECTBEHHBIX YHCEN K
KOMIUIEKCHBIM; TP JTOM OTpHUIaTeNbHass equHuna (—1) eCcTeCTBEHHO BO3HHKAeT B pPaBEHCTBAX
KOMIUIEKCHOM apudmernku. OJHAKO HUYTO He MEIIAeT, Hao0opoT, onpedenums (—1) Kak i> — u Toraa
apu(MeTHKy pacIierIeHHi TPUIeTCs BEIBOIUTH U3 KOMITIEKCHOHN TIOCKOCTH.

[TockonbKy Ha MPOCTPAHCTBE HEOTPHIIATEIBHBIX BEUIECTBEHHBIX YHCET YXKe 3a/JaH MOPSIOK,
MOYKHO Pa3/IeNuTh pacIIeruieH s Ha Ba kiacca: npu @ > b (Pos s > Neg S), paciiensieHue S Ha3bIBACTCS
nosnoxkurenbHbiM; mpu @ <b (PoSs < Negs), paciiersieHue S Ha3bIBACTCSl OTPUIATEIBHBIM. IJTO
ompenesieHue HUKOMM 00pa3oM He MpennojiaraeT MpsSMOro KOMOMHUPOBAHHUS TOJOXKUTEIBHOH M
OTpPHLIATETIbHON YacTeil; reOMETPUUYECKH, peyb HMAET O pa30oMeHHH NpPOCTPAHCTBA pacCIICIUICHUH
(epBBIil KBaJpaHT HAa OOBIYHOW E€BKIIMIOBON IJIOCKOCTH; Ha pucyHke — obmacts (+]|0|-)) Ha aBa
MOJMPOCTPaHCTBA (HIKE MK Bhilie riiaBHoi quaronanu (0]z)). Pasymeercs, BO3MOXHBI JTHO0ObIE IpyTHE
MOJIpa3/ieNICHHs, B 3aBUCUMOCTH OT MPAKTHUECKUX HYXK]I.
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(p) = < > +

Y
(@)

B anrebpanyeckoil HOTaWW OTpHIATENbHAs eauHuUIa (—1) mMpHOOpETaeT CMBICT OIEpaTopa,
(KOTOpBIH MBI HA3bIBAEM OMpUYaHUEeM), OJHOZHAYHO TTEPEBOIAIICTO OJHU PACHICIUICHHS B JIPYTHE 110
OTIpEICNICHHOMY MTPABUITY : TIONOKUTEIbHAS H OTPUIIATENILHASI YACTH PACIICTIIICHUS MEHSFOTCSI MECTAMH;
rpaHUeCcKH, 5TO OTpakeHHe OTHOCUTEIHHO TIIaBHOM auaroHaan. B wactaoctu, Toukn ocu (0|+) stor
omneparop nepeBoauT B Touku ocu (0|—). TouHO Tak xe, MOJ0KUTENbHASI €IUHUIA KAK OTIepaTop MpOCTO
MEPEBOJUT KAXKIYI TOYKY B Ty K€ CamMyl0. B KOMIOHEHTHOM MPEICTABICHUU, IMOJOXKHUTEIbHASL
eauHuIa npencraeieHa koprexeM (1, 0), a orpunarensHas exununa — kxoprexkeM (0, 1). Omnako
eIMHUIIA KaK OMepaTop — He TO K€ CaMoe, YTO SIUHUYHBIA BEKTODP; OTPUIIAHUE KaK JCHCTBHE U Kak
pe3ynbTaT — BEIIH pa3HbIe.

[lepexon Kk TMONSAPHON CHUCTEME KOOPJMHAT OT KOMIIOHEHTHOTO MpEACTaBIcHUS (BOpMalbHO
OAUHAKOB IJId paCHleHJ'ICHHfI 1 KOMIIJICKCHBIX YHCECII:

s=r(cosp+(-1sing)

Taxkast 3amKch MO3BOIISIET 00CYKIATh TOHKHE OCOOCHHOCTH H3y4aeMbIX CTPYKTYP — OJHAKO ONpaB/iaHa
OHa JIMIIb TaM, [JIe 3TO OTBEYACT HAOOPY HAIOKECHHBIX HAa CHCTEMY CUMMETPHI U BBIOOPY METPHKH. A
TPaJUIHOHHBIC CHMMETPHH KOMILIEKCHOU TJIOCKOCTH CHJIBHO OTIMYAIOTCS OT OOBIYHON CHMMETPHH
pacIleIIieHui. DTO SCHO Y€ M3 TOro (akra, YTO ONpENeNICHbl PACIICIUICHUS TOJBKO B OJHOM
KBAJIpaHTE IUIOCKOCTH, W JJIsl PACIIMPEHUsI Ha BCIO TUIOCKOCTh MOTPEOOBAIOCh Obl (Kak MoKa3aHO Ha
pPHCYHKE) BBECTH elle /B¢ (pyHIaMeHTaIbHbIC SAMHUIBI (Harmpumep, P U () U pacuieiuieHue OOIIero
BHUJIA 3aliChIBaTh Kak a+(—1)b+px+qy, — Hedto Bpoae kBaTepHHOHA. J[OMOJHUTENBHBIE CUMMETPHU
«CKJICHBAIOT» TPOCTPAHCTBO CIIEHU(PUIECKUM 00pa3oM, OTOXKIECTBISIA €0 TOUYKU. B ciryyae 0ObIYHBIX
QUIMTHBHBIX PACIICIICHUH Tpenonaraetcs GpyHIaMeHTanbHas CHMMETPHSI

(a,b)+(z,z)=(a+z,b+z)=(ab)
(@+z)+(-D(b+z)=a+(-1b

s+(-Ds=0
IJIe Z — TMOJIOKHUTEIBHOE BEIIECTBEHHOE YK CI0. ['paduuecku, 3TO OTOXKACSCTRISIET BCE TOUKH IIABHOM
JIMaroHaiu — U Jro0ast npsMasi, napajuie/ibHas TIaBHON JuaroHa iy, popMaabHO CKIICUBACTCS B OJHY
TOYKY (3a/1aeT KJIaCC SKBUBAJICHTHOCTH). AHAJIOT M3 KOMIUICKCHOW MaTeMaTHKH

c+i’c=0
KBaApaTU4CH 110 MHUMOH CANHULIC — YTO JIOTUYHO IMOPOXKAACT KBAAPATUIHYIO METPUKY. ITo anamorun
C OPTOTOHAJIBHOCTHIO BEKTOPOB Ha IUNIOCKOCTH, KOT/[a MX CKAJISIPHOE IPOU3BEACHUE PABHO HYJIIO, MOKHO

TpakToBaTh paBeHCTBO 1+(—1)=0 Kak cBoero poja aJANTHBHYIO OPTOTOHAIBHOCTE ITOJIOKUTETHHOM U
OTpUIIATEILHON €ANHUIL.
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CumMerpun (HaJOKCHHBIE HA CHCTEMY CBSI3H), BOOOIIE TOBOPS, YMEHBIIAIOT KOJIHMYECTBO
cTerieHel cBoO0 b, MEHSIOT 3Q(QEeKTUBHYIO pa3MepHOCTh MPOCTPAHCTBA. B ciydae paciieruieHui Mbl
(hopMabHO CBOJUM JBYMEPHOE TMPOCTPAHCTBO K OJHOMEPHOMY (WJIM QXK€ 4YeThIpe H3MEpeHHs
CKJIEUBAIOTCS B OJIHO, KaK Ui «KBATEPHHOHHBIX» PacHICIUIEHUI) — 3TO CYIIECTBEHHO HEJIMHEWHAas
orepamysi, HedTo Bpoje mnpoekiuu. CyIIecTBYIOT W JIpyrHe NPOSKIWH: HAmpuMmep, BbIICICHUE
MOJIOKUTCIIGHOH W OTPHIATENILHON  (BEIICCTBEHHOW WIJIM MHHMOW) dYacTed  pacIIerIcHHsS
(KOMIUIGKCHOTO YHCIIa), BBIYUCICHHE HOPMBI (KBaAPATHIHOW — WM IO JIMHCHHON KOMOWHAITIH
KOMIIOHEHT), BRIYHCIIeHHE (a3bl, U T. 1. Ha mpakTrke MbI BCeraa BUAUM CHCTEMY B OJTHOH U3 MTPOSKIIUH,
U CYyIIECTBOBaHME IPYTUX — HAJA0 BOCCTAHABIMBATH YMO3PHUTEIbHO. B pemartuBucTckoil (u3uke
AQHAJIOTHYHYIO POJIb UIpaeT KanuOpoBka. HeoOXoaquMOCTh MpOeKLuil cBA3aHa ¢ HETMOCPEICTBEHHO HE
HaOII0JaeMbIM BHYTPEHHHUM JABMXEeHHEM. OIHAKO CUMMETPUH 3TOTO «BHPTYAIBHOI'0» MPOCTPAHCTBA
OTIPENIEISIOTCS TEM, YTO MBI PEAJIbHO YMEEM JIeNaTh C CHCTEMOW B KaK PETUCTPUPYEM pe3yIbTaT — YTO
CYHTAEM TOTOBBIM MPOTYKTOM.

O¢ddexkTrBHAS OJHOMEPHOCTh MPOCTPAHCTBA PACHICIUICHUHM C MIOOATBHOW CHUMMETpUCH He
JIOJDKHA BBOJMTH HAac B 3201y KIIEHHE: SKBUBAICHTHOCTh HE €CTh TOX1eCTBO. COBOKYITHOCTh MPSMBIX,
napaJIeNbHBIX MIABHOW TUArOHAIN — 3TO HEYTO MHOE, YeM COBOKYITHOCTh TOUYEK Ha MPSMOI, a CIIBUTH
OpSMBIX BBEPX WIIM BHH3 OT IUIaBHOW jauaroHanu (obmactu ¢ a<b u a>b) Bce erne KauecTBEHHO
Pas3NYHBL

B ycrnoBusix rio0anbHONW CUMMETPHH, JUIS TH00OT0 PacIIeIUICHUs S CYIIECTBYET ¢IMHCTBEHHOE
SKBUBAJICHTHOE €My «peaylMpoBaHHOE» pacineruieHue R(S), Takoe, uro mubo Neg R(S) = 0, nmubo
Pos R(s) = 0 (monoxwurenbHas U OTpULATETIbHAS PEAYKIUH). MOKHO BBECTH JIMHEHHBIH MOPSIIOK HA
NPOCTPAHCTBE PACIICIUICHUH, €CIM MOJOXHTh, YTO BCE IOJOXKUTEIbHBIE pacLICIUICHUS OOJbIe
OTpPUIIATEIBHBIX; IPU 3TOM IOJIOKUTEIbHBIC PACHICIUICHHS YIIOPSI04CHBI 10 Bo3pactanuto Pos R(S), a
OTpUIIaTeNbHBIC pacuieruieHuss — 1o yosiBanuio Neg R(s):

Neg R(s) =0&PosR(s')=0=s>¢'

PosR(s) > PosR(s") = s>’

Neg R(s) > Neg R(s) = s< ¢’
CJ'IQ,Z[OBaTeJ'ILHO, MBI MOXKEM (bOpMaJ'IBHO «IIPOAOJDKUTH» BCHICCTBCHHYIO MNOJIYIIPAMYIO B 001acTh
OTpULATCIbHBIX 3Haqu1/n71, 3(1)(1)6KTI/IBHO nepexoas OT ABYX HE3aBUCHUMBIX I/ISMepeHI/Iﬁ K OAHOMY;

rpad)MyecKy 3TO BBITJSIAUT KaK Pa3BepPThIBAHHE MEPBOrO KBAJPAHTA B BEPXHIOI IMOJYIUIOCKOCTH, a
peIyKLUsI IPEICTABIISACTCS MPOSKIMEil Ha TOPU30OHTANb (—|+):

z

TeM He MeHee, OJIOKUTEIbHAS U OTPULIaTeNIbHASl BETBU BCE €IIIE OCTAIOTCS pa3HbIMU ITPOCTPAHCTBAMU:
Jla, OJTHO OJHO3HAYHO OTOOpa)kaeTcsi B JPYroe ¢ COXPaHEHUEM alreOpamdecKor CTPYKTYPHI BHYTPH
Ka)KJIOTO U3 MPOCTPAHCTB, — HO 3apaHee He OYEBUIHO, KaK OMPE/EIUTh aNredpandeckue oneparuu C
3JIEeMEHTaMH Pa3HBIX MPOCTPAHCTB, YTO TO3BOJHIIO OBl TPAKTOBATh 3TH 3JIEMEHTHI E€IMHOOOPa3HO.
JIerko BUAETH, UTO

R(S1 + 52) = R(R(S1) + R(Sz))
R(Slsz) = R(R(Sl)R(Sz)) = R(%)R(Sz)
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YMHOXKEHHE OCTaeTCs YMHOXEHUEM U B PEAYKIUAX — OJHAKO CJIOKCHUC OTPHULIATCIIBHBIX peI[}IKHI/Iﬁ C
IMMOJIOKUTECJIbHBIMU BBIBOJUT HAC B HCPECAYITUPOBAHHYIO o0yactb — 1 MPUXOJUTHCA HpI/I6eFHYTI) K euie
OJIHOM npoeKIuK. Takum 00pa3oM, MOCTPOCHHUE SIMHOTO IPOCTPAHCTBA BEIIECTBEHHBIX YHCE TpeOyeT
JOCTAaTOYHO CHUJIbHBIX JJ;OHyuICHPIfI — KOTOPBIC HE BCErja onpaBaaHbl MIPUIOKCHUAMU.

CrummkoM TIpsSMOJIMHEHHAS TPAKTOBKA YCIOBHO-alNTreOpandeckold HOTAITMH PACIIEIUICHUH (TN
KOMIUTIEKCHBIX YHCEI) MOXKET JIETKO BBECTH B 3a0Ty’KJeHIE: KAYECTBEHHO Pa3HbIe 0OBEKTHI TPAKTYIOT
Ha eWHBIX ocHOoBaHusx. Ho 3amuchk S = a+(—1)b — sto numie apyras rpaduka mis S = (a, b); 3aech
CHMBOJIBI @ U D CChIITAIOTCS Ha BEIIECTBEHHBIC YKCa, (—1) yKa3plBaeT Ha MO3MIIUIO B KOPTEXE, a 3HAK
CYMMBI TOBOPHUT O COBMECTHOM PacCMOTPEHUH KOMIIOHEHT. UTOOBI MpeBpaTHUTh 3TO B COOCTBEHHO
anredpanydeckoe BeIpaKEHHE, CIIeI0BANIO0 ObI TUCATh HEYTO BPOJIC

(a,0)+(0,1)-(b,0)=(a,b)

B wacTHOCTH, B TpaBoii yacTu cBsi3u S+(—1)s = 0, moHuMaemoit anreOpanydecku, Mmoapa3yMeBaeTCs
BOBCE HE BEIIECTBEHHBIN HYIIb, a KopTexk (0, 0), Tak 4to

(k k)=(0,0)%0
PacnosioxeHne NoyI0KUTEIPHON U OTPULIATEIBHOM IMOTYOCEN HA OAHOM MPSAMOM HUYErO B 3TOM IJIAHE

HE MEHSET, a JIMIIb CKpPaAbIBaeT (aAJUTUBHYIO) OpPTOroHaJbHOCTh. COBEpIIEHHO TOYHO Tak K€, Ha
MIPOCTPAHCTBE PAllMOHANBHBIX YHCEN (MPeACTAaBIEHHBIX KOPTEKaMH U3 ABYX IIEIBIX YHCEN) JeHCTBYEeT

(kk)=(L1)

IMOCKOJIBKY MBI MOXKEM COKpAIIATh YUCIIUTCIIb U 3HAMCHATCJIb Ha O6H.II/II>1 MHOXuTeb. Heuro HOZ[O6HO€

CUMMETPUSL

BO3HUKAET B IMOJIAPHBIX KOOPAMHATAX I KOMIUIEKCHBIX uucell: (X,Y) — (I, ¢). [Ipu oTCyTCTBUH
BETBIICHHUS, ICHCTBYET CHMMETPHS

<r,(p> = <r,(p+ 2nk>
(0,6)=(0,0)=0

1t mo6oro nesnoro K u mro6oro yria e. Ho B o01iem ciydae i Kakux-TO IMPHI0KSHUH 3TH CHMMETPUH
MOTYT HE COOJIOAAThCS: CABUT (a3bl HA JOCTATOYHO OOJBIINE YTJIbl BHIBOAWT HA JPYTHE JIUCTHI, a
NpUOIKEHHE K HYJIIO C pa3HBIX HalpaBlieHUH MOXKET 1aBaTh Pa3HbIe MPEAebl.

Cyxoit ocTaToK: BO BCAKOM TEOPHH HYJb (KaKk OTMETKA Ha IIKaje) U HOJb (KaK KOJHYECTBO) —
HE OTCYTCTBHE INpeIMeTa KaKk TaKOBOTO, & OTCYTCTBHE OIPEJCIICHHOT0 KayecTBa. TO eCTh, HET HYJIs
BOOOIIle — a €CTh HYJIb 110 OTHOIICHUIO K HEKOTOPOHW eIUHHMIIE, KAaUeCTBEHHO OIPEeNICHHBIH HYIIb.
HMeHHO TO3TOMY MBI MOYKEM (B KAKHX-TO JIOMYIIEHUSX ) IOOTIPEICIUTH ONIEPAIIH ¢ 00 BEKTaMHU OJTHOTO
THUIIA, BKJIIOYas B 3JIEMEHTHYI0 0a3y Toro e tuna Hyad. OnHaKo B CTPOroil MaTeMaTrkKe, HOJlb BOBCE
HE YUCIIO (€IMHUYHBIN 00BEKT); 3TO, CKOpee, CIIOco0 MOPOXKISHUs 00BbEKTOB: Ia0IoH, (hopMa, cxeMma,
oOpaseln, THI, — TO €CTb, KJIACC OOBEKTOB, XapaKTEPUCTHKA CaMOW BO3MOKHOCTH MX ITOCTPOCHHSI.
Cummerpus (k, k) = (0, 0) MoxeT ObITh HHTEPIPETUPOBAHA HE TOJIBKO KAaK SKBUBAJICHTHOCTh TOYEK
JUaroHalld, CBEJCHHE MX K HYJIEBOMY KOPTEXY, — HO M B OOpaTHOM CMBICJE, KaK IOPOXKICHUE
BUPTYaJbHBIX MAp U3 HYJISl, KOTOPBIA TOTAa OKa3bIBaeTCs M0oJ00CH (PU3NUECKOMY BaKyyMy (@ 5TO BOBCE
He mycrtota!). Ecau MBI BbIIpany M3 BakyyMa YacTHUIy — B HEM BO3HHKAeT ABIPKa TOTO )K€ THIA U
pasmepa. Kak u B pusnke, HylieBOl YPOBEHb 4aCTO OKa3bIBAETCS TOABHKHBIM — HO TaKas CUMMETPHS
HE MEHSIET IOBEICHUS CUCTEMBI B OTHOLICHUH MPOYUX CHMMETPHH.

TouHO Tak ke, 0ECKOHEYHOCTh — HE YUCIIO (XOTs ObI ¥ KapIMHAILHOE, T OPJMHAN), a Ta caMast
JEeSITEIbHOCTD, B KOTOPOI MBI pa3inyaeM POTHUBOIIOIOKHOCTH — H IIEPEBOINM UX JIpyT B Apyra. Homb
CBs13aH ¢ OECKOHEYHOCTBIO, KaK BO3MOXKHOCTB U IEHCTBUTENFHOCTB; 3TO OJTHO U TOTO XK€ C Pa3HbIX TOYEK
3perus. OHO Je0 — KOMIIBIOTEPHAs MporpamMma, Jpyroe — padorta 1o nporpaMmme; OJHAKO SI3bIKU
IPOTrPaMMHUPOBAHUS MUCXOISIT M3 BO3MOXKHOCTEH >Kelle3a, a JKeJIe30 INOHEMHOTY aJalTHUPYeTCsl HOJ
U/INOMATHKY S3bIKOB.
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3ameTuM, 4TO 0cobasi posib HyJs CBsI3aHa C JIOTUKOM TeOopHu: HapHUMep, Mbl MOXKEM TOBOPHTb,
4YTO HEKOTOPOE CYXKICHHE SBISCTCS UCTHHHBIM (+1) wim jnokHbM (-1) — HO M TO, W Apyroe
YTBEPKAAET €r0 JIOTHIECKYIO OMPEIeIEHHOCTh, BO3MOKHOCTH IIPOBEPKH, — TOT/1a KaK HyJIeBas OI[EHKa
03HA4YaeT, CKopee, HEKOPPEKTHOCTh MOCTAHOBKM BOTIPOCA, HEMPUMEHUMOCTh KaTerOpUi NCTHHHOCTH
WJIA JIO)KHOCTH B JIAaHHOM KOHTEKCTE (XOTS B APYTUX OTHOIIEHHSX TO )K€ CYXIEHHE BIOJTHE MOXKET
MPETEHI0BaTh Ha TOJOXHUTEIBHYIO WIH OTPHUIATEIBHYIO OLIEHKY: HallpUMep, OBITh MPaBUIIBHBIM WITH
HETPaBUIHHBIM).

B Teopun paciierieHuil HyJeBble KOMIIOHEHTBHI O3HAYalOT MPOCTO OTCYTCTBHE KaKUX-ITHOO
OTIepalLuii IO «Ie0eTy» WIIN «KPEIHUTY»; C YUETOM «HaKJIaIHBIX pacxonosy», koptex (0, 0) — coBcem
HE TO XK€ caMoe, 4TO BUPTyaidbHbIH oO0MeH (K, K) (CKOJBKO 3auMCIHIM — CTOJBKO JKE CITHCATh).
3ameTrM, dYTO omepanus OOMeHa MOXKeT OBITh HETPUBHAIBHOW, €CIIM EeAWHUIBI W3MEPEeHHS
MOJIOKHUTENBHOW W OTPULATENILHOW KOMIIOHEHT Pas3lIMuHBL: HalmpuMmep, B clydae oOMeHa BalllOTHI.
OnHaKo B KJIACCHUECKOM yueTe 0OMEHBI MPEJICTABISIOT He paciierieHusMu (a, b, a mapoit penykiuii
(a, 0) u (0, b), oTHeCEeHHBIX K pasHBIM CUeTaM. DTO pa3uyue MOJ00HO TOMY, Kak B (PU3HMKE MBI
pasnryaeM KBaHTOBBIE MEPEXOJbl M KacKaJbl; B BHPTYaJIbHBIX MHpPaX BO3MOXKHA HHTEPQEpEHITUSI
MPOLIECCOB, MPUBOIAIIAS K BIOJHE HAOIIOJaeMbIM («MaKpOCKOMHUYECKHM») 3 PeKTaM, — HO TOYHO
TaK ke ycTpoeHa W (¢uHaHcoBas cnekyisiuusi! Ha Gomee BBICOKOM YpOBHE HEpapXuH, B CBOAHBIX
OTYeTax, OKa3bIBAETCSI BO3MOXKHBIM (DOpMalIbHOE CIIOXKECHUE IBMXKEHUH MO Pa3HBIM CUETaM:

(a,0)+(0,b)={(a, b)
Crnenytommii ypoBeHb — IIpeNIOjaraeT IMOJIOKHUTENbHYI0 HINM OTPULATENBHYIO PEeAyKIUIo (MiIH
HYJIEBOI1 OanaHc).

I'my6oxwuit MaremaTnueckuii (M PHIIOCOPCKUN) CMBICT PACIICTUICHUN COCTOUT B TOM, YTO OJWH U
TOT k€ 0OBEKT BO3MOXKHO ITOJTydaTh Pa3IMIHBIMHU CIIOCOOaMH, KOTOPBIE B KAKUX-TO OTHOIIEHUSIX Oy Ay T
SKBHBAJICHTHBIMH — HO B JPYTOM KOHTEKCTE BO3HUKAIOT CEPhE3HBIE Pa3INUHs. 3A€Ch MBI TOBOPIIIH 00
QIIUTUBHBIX PACIIETUIEHUSIX BEIIECTBEHHBIX YHCEN: KaXJ0€ YHCIO BHUPTYaJbHO IIPEACTaBIAETCS
Pa3HOCTBIO JBYX ApYruX. TOYHO TaKk jk€ YCTPOEHBl MYJIbTHUILTUKATHBHBIE DACIICTICHHs, KOTIa
BEIIECTBEHHOE YKCIIO MPE/CTaBIIEHO OTHOIIEHHEM JIBYX YHCEN; JIETKO BHJIETh, YTO 3TO paclieTuieHHe
CTaHOBUTCS aJTUTHBHBIM TpHU JOrapupMupoBaHur. MOXHO OOCYXIaTh pacUIeIUICHUs] B CYMMBI H
npousBeneHus (B ToM ymcie OeckoHeuHsie). [IpuMep — pasznoskeHue 4rcen Ha MPOCTble MHOKHUTEIH,
SIAPO M CMBICH KJIaccHuecKol Teopuu uucend. Eme mpumepsl: BpalieHHE B Pa3HBIX HAIlPaBICHUSX,
HMHBEPCHA OTHOCUTEIBHO OKPYKHOCTH, pa3IMueHNE BHEITHEW U CIIMHOPHOM pa3MEepHOCTH, PAaCCIIOEHUS
MHOT000pa3uii... HakoHell, 13 ToM ke Cepuu — MPOTUBOTIOIOKHOCTh 00BEKTa U CyOhEKTa B KOHTEKCTE
OTIpe/ieTIeHHON JiesTenbHOCTH. [I0CKONBKY ke mo0ast IeATeNbHOCTh PETYJIIPHO BOCIIPOU3BOJUT CBOM
MPOIYKT, PACIIETIEHUS] MOYKHO MMOHUMATh KaK ITHKJIBI, 3aMKHYThIE ITyTH; COOTBETCTBEHHO, BO3ZMOKHBI
MHOTOKOMITOHEHTHBIE ¥ MHOTOYpPOBHEBBIE pactierieans. JIFo0oil Matemarnueckuii 00beKT B 00IIEM
clly4ae TpEACTaBIseTCS HepapXueil BCEBO3MOXKHBIX pACIIEIUIEHHH — CHOCO00B TMOPOXKISHHS
OTIpe/IeTICHHOCTH. Pa3BepThIBaHUE dTOW UEPAPXUU B OJHY W3 JIOIMYCTHUMBIX UEPAPXUUECKUX CTPYKTYP
HaspIBaeTcsd MareMarmdeckoi Teopueil. Croco0 pa3BepTHIBAaHWS — WX TPAKTHKHA, OT HACYITHBIX
norpebHocTeld. Maremarrka (Kak M Jro0asi HayKa) Hy)KHa JIOIAM U TOTO, YTOOBI BOOPYXaThb MX
(opManbHBIMH TPUEMaMH, THIIOBBIMH CXEMaMH JAEATEIBHOCTH, OCBOOOXKIAs pasyM OT PYTHHHBIX
olepanui paay MoMcKa HEM3BEAAHHOTO.

Oexabpw 1983

06 opueHTUPOBaAHHbIX KPUBDIX

BepostHo, B neTcTBe BCe urpanu ¢ JeHTol Mebuyca. Bemuna neficTButensHO 3a0aBHas — U
CTOMT 32 Hell MaTeMaTH4yecKas Teopus He coBceM (opmanbHoro cBoiictBa. ByTeuika Kieitna monpouue:
3TO BCEro JMIIb JBYMEpPHAs IOBEPXHOCTh B UETBIPEX H3MEPEHUAX, COBEPILICHHO TJagKas U
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OecrpobiieMHas. A TyT — NOBEPXHOCTh ¢ KkpaeM. OmnpenenuTh Kpail MHOroo0pasus B €ro B
COOCTBEHHBIX TEPMUHAX COBEPUICHHO HEBO3MOKHO, HAJI0 BHIXOAWTH BOBHE, H3y4aTh BMECTE C YEM-TO
ele — WM MHOTOE 3aBHCUT OT BBIOOpa OOBEMIIIONIETO MPOCTPAHCTBA M crocoba BioxeHus. [lo
OTHOIIIEHHUIO K OJTHOMY MOYET TMOJIYIHThCA COBCEM HE TO, YTO BMecTe ¢ ApyruM. [loaTomy paccyxaeHus
0 TPOCTPAHCTBAaX C OCOOBIMM TOYKAMH BBIIJISIAAT HE OYECHb yOEAMTENBHO: OCTaeTcs OLIYILICHHE
MO/TOHKY T10]] 3aJaHHble mapaMeTpbl, Teopuu ad hoc. Uro, BnpoueM, He MelIaeT HAyKe OCTaBAThCS
3aHUMATENBHOM U MOJIE3HOM.

MoxHo a1 u30aBUTBCS OT Pa3phIBOB M MEPEUTH K yeMy-TO Oosiee ynooHomy? TpaaumuoHHO
TOIIOJIOTH JIEJIAIOT 3TO MPH IMOMOIIM CKJICHKH KpaeB — HO y JIEHTH MeOuyca TOJIBbKO OWH Kpai, 1 He
OUYE€Hb IIOHATHO, YTO K 4eMy KJIeHTh. Ellle 011H cTaHAapTHBIN NpueM — cTsaruBanue. Hanpumep, MokHO
CTSIHYTb Kpail B (BBIKOJIOTYIO) TOUKY; TaKass KOHCTPYKLHSI OCTA€TCS CHHTYJISIPHOH — HO B KaKOM-TO
cMbIciie OoJiee mpocrTa.

Ho ectp u apyroii BapmanT. 3ameTuM, YTO LIMPHHA JIeHTHI MeOuyca He BIMsET Ha ee
TOIIOJIOTHYECKHE CBOMCTBA. BOT M nmaBaiite cienmaeM JIeHTY OSCKOHEUHO Y3KOH — NpEBpaTHM €€ B
3aMKHYTYI0 KpHuBYIO. B mrore momyumrcs (ogHOMEpHOE) MHOroobOpasue Oe3 Kpas — M BHELIHHE
0COOEHHOCTH CTaHyT €ro BHYTPEHHUM cTpoeHueM. JIeHTy Mebuyca Mbl oJTy4aeM CKICHKOH KOHILIOB
OOBIYHOM MJIOCKOM JICHTHI, C IEPEKPyYMBaHUEM Ha MOJI-000poTa. OcTaeTcs BEISICHUTD, KaK IEPEKPYTUTh
(IpocTpaHCTBEHHYIO) KPUBYIO IE€pe 3aMbIKaHHEM KOHI[OB.

YucTo BU3YaIbHO, KaXKIOW TOYKE HE3AMKHYTOM KPUBOM COIIOCTABIISIETCS TPEXMEPHBIA BEKTOP
OpHUEHTALlUU, OPTOrOHAJIbHBIM HAIPABIECHUIO BIOJb KPUBOW; IIPH MEPEX0JIE€ OT OJHON TOYKHU K JAPYroi
OpHEHTAIMs, BOOOIIE TOBOPS, MOBOpaYMBaeTCS B MPOCTpaHCTBE. Ecii CKIIEUTHh KOHIBI KPHUBOHM Tak,
4YTOOBl OpPHEHTAlHUsl UX COBIJana — TOIy4YdM OOBIYHYIO NMPOCTPAHCTBEHHYIO KPHUBYIO, KOTOPYIO
MO>KHO TIPOETIMPOBATh Ha IMJIOCKOCTH TaK, YTO BHYTPEHHSISI M BHEIIHSS 00JIaCTH OKa3bIBAIOTCS OT/IEICHBI
JIpyr OT JIpyra, 1 MOXHO TIOBOPUTb O BHEIIHEH M BHYTpeHHeM Hopmanu. Eciaum ke npu ckienke
OpHEHTANMsI MEHSEeT 3HaK — BO3HUKAeT aHaJOT JIEHTHl MeOmyca; B MPOEKIMH Ha IUIOCKOCTh, MPH
IBIOKCHWW BIOJb KPHBOW, BHEIIHSAS HOPMalh IIOCJIE MOJHOTO 000pOTa CKAadyKOM CTaHOBUTCS
BHYTPEHHEW — IpHUYeM 3TO MOBEICHUE HE 3aBHCUT OT TOTO, C KaKOW TOYKM MBI HauHeM. Kaxymrascs
CHUHTYJIIPHOCTh HHKAaK HE CBf3aHAa C TJIAJAKOCTBI0O MHOrooOpaszus — 3TO apredakrt, CIeICcTBHE
HEJIMHEHHOCTHU ONlepaliii IPOEIMPOBAHNS U HOPMAIU3aL[1 BEKTOPOB.

®opMaIbHO, B KaXJIOH TOYKE IPOCTPAHCTBEHHOW KPHUBOM BO3HMKAET JIOKajJbHas CHCTEMa
OpUEHTAIlMiA: OJHO M3 M3MEPEHUH 3ajlaeT HalpaBJICHHE BAOJb KPHUBOM, Npyroe — IMONEpPEYHOE
HarpasJieHHE (IJIs1 IEHTHl — 3TO ABMXKCHHE OT OZHOTO Kpasi K IPYroMy), a X BEKTOPHOE IPOU3BEACHUE
OomnpeAeIsieT MOJIOKEHUE TPEXMEPHOW HOpMaju. DTa CUCTEMa OpPUEHTAllUM TMOpPOXKIAET BHYTpPEHHEE
MIPOCTPAHCTBO KaXKJJOM TOUKH, KOTOPOE CIELyET OTIINYATh OT BHEIIHUX, IPHCOEANHEHHBIX IPOCTPAHCTB
(Hampumep, ¢ 0Opa3yIOLIMMH BI0JIb CKOPOCTH U PAAMAIBHOTO YCKOPEHUS); BHEIIHIE XapaKTEPHUCTUKU
KpUBOH (KpHMBH3HA, KpY4YeHHE W T. 1.), BOOOIIE IOBOpPS, HUKAK HE COOTHOCATCS C BHYTPCHHUMH
(mosio’xeHne CUCTEMbI OPUEHTALHH).

IIpu cmemeHun BAOIb 3aMKHYTOH KPHBON MEHSATh 3HAaK MOXET HE TOJBKO HOpMallb, HO U
HampaBJIeHHUE BJIOJb KPUBOW. B TpexmMepHOM NpeaCTaBIE€HUH 3TO BBITTIAUT KaK CUHTYJISIPHOCTb, KacIl,
nonaTHoe ABMkeHue. OJHAKO NMPH BIIOKEHUH KPUBOH B YETHIPEXMEPHOE MPOCTPAHCTBO BO3MOKHO
COXPAHMTH INIAAKOCTh — M OOBSICHUTH BUIUMBIE Pa3pBIBBI BHIOOPOM NPOEKUUH. AHATOTUU U3 JKU3HH
Xopolo u3BecTHbl. Hampumep, MaTeMaTudecku riafkoe ABM)KEHHE MasTHUKA BU3YaJIbHO BBITVIAIUT
KaK MOIMATHOE IBM)KEHHE NMPU MaKCHMalIbHOM OTKJIOHEHHM; MBI 3HAeM, YTO JIBHXKEHHE JIETAIIETO
BJIAJIEKE CaMOJIeTa MOXKET B MPOEKIUH Ha IJIOCKOCTh HAaOJIOAEHHS BBICTPAWBATHCS B MPUUY/UINBBIC
KpHBBIE, CIIOCOOHBIE HaBeCcTH Koro-To Ha Mbicib 00 HJIO. Muorme HenunelHble 3(dexTsl U
CHUHTYJSIDHOCTH B (PM3MKE MOXKHO OOBSICHUTH IMPHUCYTCTBHEM CKPBITHIX W3MEPEHHMH, CIIOKHOCTHIO
JUHAMHUKH, — BIUIOTH JIO TOTO, YTO HAIMYHE CBETOBOTO Oapbepa (HEBO3MOKHOCTD ABHIaThCsl ObICTpee
cBeTa) WM cuHryisipHoctd LBapimmnbaa Morino Obl YKa3bIBaTh HA MHOTOMEPHOCTH (DU3UYECKOTO
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NPOCTPAHCTBA, TJC HA CAMOM JIeJie JIOITyCTUMBI JIFOObIC ABMKEHUSI — HO TPEXMEpHAasl MPOCSKIHS CTABUT
HCKYCCTBEHHBIE TPAaHUIIBI.

Paznuyne BHEIIHEro M BHYTPEHHETO NMPOCTPAHCTBA B KaKOW-TO Mepe aHAJIOTHYHO Pa3IHUUIO
reoMeTpHud U GU3NUECKUX Tosel. BHyTpeHHSs opueHTalHs He 3aBUCHT OT IPe00pa30BaHUs BHEITHHX
KOOpIUHAT (BKJIIOYAs 3EpKaTbHOE OTpaKeHHe) — 3TO (OopMajbHOE BBIPAKEHHWE HE3aBUCHMOCTH
(hU3UIECKOM CHCTEMBI OT HAOIIIOIaTeIs.

JBrkeHue BAOIb 3aMKHYTOM KpHUBOH M NOBOPOT HOPMAJM B IJIOCKOCTH, NEPIECHIUKYIISIPHON
MIPOAOIHHOMY HAIPaBJICHNIO, MOXXHO OMUCHIBATH ABYMsI YTIOBBIME MTapaMeTpaMu: (a3a v OpHEHTAIHSL.
Ecnu npu n3meneHnu has3pl Ha 27T OpUCHTALIUS MEHSIETCsI Ha 27K, KpUBasi COOTBETCTBYET MPOCTOM JICHTE
(IepekpydYeHHOM IIe7I0€ YHCIIO pa3); ecin opueHTarus mensercs Ha 2m(K + 1/2), 3T0 aHamor JEHTHI
Mebunyca (4ucno IepekpydnBaHWN Tojdynenoe). B mocriegnem BapuaHTe KpuBas, MO CYTH Jena,
pacIeruisieTcs: Ha JBa ClIos («IMCTa»), KOTOpBIE MOCeN0BaTeNIbHO Mpo0eraeT KaKablii TOBOPOT (hasbl
Ha 4m. MOXHO HOPMHPOBaTh STOT Y/UIMHEHHBIH NHKI Ha 2T W TPEBPAaTUTh KpUBYI0 Mebuyca B
00BIUHYI0 KpUBYIO. JIerko BHAETH, YTO 3TO COOTBETCTBYET OINEpallu pas3pesa JeHTh MebOmyca B
MIPOIOJIEHOM HaIpaBJICHUH (B PE3yJIBTATE YETO MOyJaeTcss 0ObIIHAS TIepeKpydeHHas JieHTa). BooOre
roBOpsl, TUHAMHMKAa M3MEHEHHS OpUEHTAllMM Ha IEPBOM M BTOPON MOJOBHMHAX Y/UIMHEHHOI'O LUKIA
MOXET OBITh Pa3HOW; MPH OTCYTCTBUU CBS3€H 5TO pa3iiU4Me HECYIMECTBEHHO — CBOJAHTCSA K
nepeonpeeIICHUIO ITapaMeTpa «BPEMEHI.

B o0mem crmyuae, Ha OTHOM BHTKE BJIOJIb KPHBOW OpWEHTANUs MeHseTcs Ha 2m(, rae  —
MIPOU3BOJIEHOE BEIIECTBEHHOE YHCJIO; JIJISl PAIlHOHAIBHBIX (| KOJIMYECTBO CJIOEB Oy 1€T KOHEYHBIM, a JIs
MppaIOHANBHBIX — KPHUBAas paCCIanBaeTCs B TOPOUIAIBHYIO IIOBEPXHOCTh. Eciii quHaMuKa MoBOpoTa
OpHUEHTAIINHU 3aBUCHUT OT (pasbl, CIEKTp (IUIOTHOCTH 3aI0JIHEHHS IOBEPXHOCTH BUTKAMH KPUBOM) MOXKET
OBITh HETPUBHAIHHBIM.

H3meHeHne OpWEHTAlMKd BAOJIb 3aMKHYTOH KpPHUBOH MOXKET OBITh MPOHLUTIOCTPUPOBAHO
(u3nUecKoil MOJENbIO0, KOTrJla B K&KIO0H TOUKe Mbl OOHAPYKHBAEM IEPIEHANKYIISPHBIA HAapaBJICHHIO
JIBUKEHUS JTUTIONB; MOJIApHU3alMsl TeKYLIeH TOYKM BIMSIET Ha MoJsipu3anuio cienyromeid. Koneunoe
YHCJIO CJIOEB OTBEYAET CTOSYEH BOJIHE, a HE3aMKHYTOCTh — Oeryliell BOJIHE BIOJb KPUBOW. 3/1eCh
BO3MOJKHBI HETPUBHANbHbIE MOJEIbHBIE HMHTEPIpETaluy (HAampuMep, MarHUTHBIA MOHOIIONb Kak
KpuBas Tura MeOuyca) 1 BIIOJIHE IPAKTUYECKHE MTPHUITOKEHHS.

OpueHTUPOBaHHBIE KPUBBIE — 3ITO HEPAPXUUYECKHE CTPYKTYpbl, B KOTOPBIX Kaxaas TOYKa
BHEIIIHETO IPOCTPAHCTBA pa3BEPThIBaeTCAd B HEKOTOPOE BHYTpeHHee IMpocTpaHcTBO. Ilomumo atoro
JIBIOKCHWE BO BHEIIHEM IIPOCTPAHCTBE TOPOXAAeT BHEIIHEE pacciloeHue: KOH(PUTYpParMmOHHOE
MIPOCTPAHCTBO TpeBpamaeTcss B MHOrooOpasue. Korjja Mbl mbITaeMcsi pacroIOKHUTh TaKyl0 KPUBYIO B
TUIOCKOCTH, PEYB YK€ He MPOCTO O COOTBETCTBHH TOYEK 0a3bl TOYKAM IUTIOCKOW KPUBOM, a O IPOEKITHH
BHYTPEHHHX U BHEIIHUX PACcCIIOCHUU. B 0IHMX ciydasx 3TO BO3MOXKHO (HAIIpUMep, IyTeM pa3OHueHHS
TUIOCKOCTH Ha HECKOJIBKO CEKTOPOB, B KKJIOM H3 KOTOPBIX Pa3MEMIaeTcs OJUH CIIOH) — B APYTHX
MIPUXOUTCS] YEM-TO JKEPTBOBaTh. AHAIOTHYHAS CHUTYyalHs, KOTJa pevb yke He O KPHBBIX, a 0 Oojee
CJIOKHBIX MHOT000pa3usX (B YaCTHOCTH, IIOBEPXHOCTSX HUJIH TENAaX).

YpOBHH uWepapxuy CyIIECTBEHHO 3aBHCAT Ipyr OT aApyra. Hampumep, mareMmatudeckas
WJLTIOCTPAIUS: IPEICTAaBUM OPUEHTHPOBAHHYIO KPUBYIO Y3KHM DJUIATICOM Ha TUTIOCKOCTH, OCH KOTOPOTO
MOBOPAYMBAIOTCS TIPU CMEMIEHUH BIOJIb KPUBOW; €CIM B KOHIE JJUIMINC NPUHUMAET HCXOIHOE
TIOJIOKEHNE — MBI UMEEM JIEJIO C MTPOCTON KPUBOM.

OpueHTUpOBaHHAas KpUBAas JIUIIb 110 BUAUMOCTU OJHOMEpHA. B mpuHIUIE, B KaXKII0i ee TOUKe
BO3MOKHO pa3BepThIBaHUE JIFOOBIX MEPAPXUUYECKUX CTPYKTYp, a MepeXxoi OT OJHOW TOYKH K APYTOH
03HauaeT CBEPThIBAHME TEKYIIEH CTPYKTYpHl M pa3BepThIBaHHE Npyroi (oOpamieHue uepapxuu). B
YaCTHOCTH, Pa3MEPHOCTh BHYTPEHHETO IMPOCTPAHCTBA MOXKET MEHATHCS — MPH BIOXKCHHH B Ty XKe
BHEIIHIOI0 T€OMETPHIO.

auneaps 1985
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BupTyanbHas matemaTuKa

B kBaHTOBOW (u3MKe MBI CChIIaeMCS Ha BHYTPEHHHE COCTOSHHUS CHCTEMBI (TOYKH
KOH(HUTYpallHOHHOTO TIPOCTPAHCTBA), KOTOPHIE HE HAOIIOAAIOTCS caMU T10 ce0e, M CyTUM MBI O HUX T10
BHEIIHAM TIPOSIBJICHUSIM: HEUYTO HaOII0JaeMoe MPOUCXOAUT TaK, KaK eciu Ovl 3TH BHYTPEHHHE
COCTOSIHHSI CYIIIECTBOBAJIHM W B3aMMOCHCTBOBAIN OIpPENSIIEHHBIM 00pa3oM. B mpuHIMTIE, HUYTO He
MeIIaeT BBIYUCIATH HAOIIOJaeMble BEIWYMHBI KAaKUM-TO WHBIM CIIOCOOOM — B KOTOPOM MpPEXKHHE
MIPEJICTABIICHUS O BUPTYaIbHBIX COCTOSTHUSAX HUKAK HE YYaCTBYIOT. DTO HOPMAJIBHO: T10 KU3HU, OJHO H
TO XK€ MOXKHO CJeNaTh Pa3HbIMU CHOCO0aMM, — TaK MOYeMy KBAaHTOBYIO CUCTEMY HE MOCTPOUTH M3
Pa3HBIX KUPITUYUKOB?

AHaIoru 3TO BUPTYalIbHOCTH CYLIECTBYIOT M B MaTéMaTWKe, U CBA3aHBl OHH C BBIXOZOM 32
npezaensl obmactu onpexaeieHus. DyHIamMeHTaNbHbBIE MAaTEMATUKH IPEIIOYUTAIOT O MpPEAMETHON
o0jacTi HE yMOMHHATh — KakK OyJATO MaTeMaTH4YeCKHe OOBEKTHI CYIIECTBYIOT CaMH IO cebe U He
OTHOCSTCS BoOOmEe HM K deMy. Ho 310 mmmo3msa, camooOman. Jlrobas MaTemarhdeckas TEOpHS
TPEAINOoIaraeT KOHKPETHBIH YHHUBEPCYM, MOBEPX KOTOPOTO HAJICTPaWBAIOTCS a0CTPAKTHBIA (HOPMBI.
Crporasi Teopusl HENPUIOKHMA HH K 9eMy MOMHMO €€ TMpeaMeTa, M CYKICHHS O YeM-TO BHEITHEM
JIOTUYECKH HEKOppeKTHH. Tem He MeHee, YMCTO ()OPMANBHO, MBI MOXXEM BBECTH HEBO3MOXKHBHIE B
TeOpuHu (BUPTyaIbHBIE) OOBEKTHl — M IOCTPOUTH HOBYIO (PacUIMPEHHYI0) TEOPHIO, B KOTOPOH ATH
CYLIHOCTH 3a/IaHbl HapsIly ¢ MPOYMMHU ONPEAETICHUSIMH MIpeaMeTa.

Hanpumep, cnoxeHnue AByX HaTypalbHBIX YUCEN AaeT HATypaIbHOE YHCII0, OONIbLIee KaXKA0To U3
cinaraemMbix. Ho 5T0 03HavaeT, 4To 00a ciaraeMblX BUPTYaJbHO IPUCYTCTBYIOT B CyMME, CTAHOBSTCS €€
BHYTPEHHHUMH KOMIIOHEHTamH. JlOIMyCTHM, 4TO HaOJIIOJaeMbIMH Halled TeopuH (ee MpeAMETHOI
00J1aCThI0) SBISIOTCS TOJILKO YeTHBIE Uncia. Toraa npeacraBieHie YeTHOTO YUCIIa B BUE CYMMBI IBYX
HEYETHBIX — COBEPIICHHO aHAJOTMYHO NPEACTABICHHIO KBAHTOBBIX AMILTUTY CYMEPIO3UIUSIMH
BUPTYaJbHBIX COCTOSIHUI. Boiee TOro, Mbl MOKeM TOWTH Jaibllie — W JOMYCTHTh CyIECTBOBAHUE
COBCEM CTPaHHBIX OTPHUIATENHHBIX YHCEIN, CTIOCOOHBIX YMEHBIATH JIF000€ YHCIIO MIPH CI0KEeHUU. Ecin
Ha MTPAKTUKE MBI HAYYHUMCSI M3TOTaBIMBATh BEIIH, IPEICTABISIOIINE 3TH BOOOpakaeMble CYIITHOCTH, —
OHHM TIEPEXOJIAT B pa3psix HaOIIOAaeMbIX, 1 MOXKHO CMEJIO CTPOUTH TEOPHIO IENTBIX YHCEN BOOOIIE.

TouHO Tak ke, MPOM3BEACHHE MENBIX MOJOKUTEIBFHBIX YHCET — YHCIIO TOJIOKHUTEIbHOE; BCEe
BMECTE TaKHe YUCIia 00pa3yIoT MpeJAMETHY0 0a3y OJTHOM M3 BAKHEHIIINX MAaTeMaTUYECKUX TEOPHIA, e
oreparysi pa3IoKEeHUsI Ha IIeJIbile MHOXHTEIN Urpaer (yHIaMeHTaIbHeHIyr poib. Kaxmoe menoe
MOJIOKUTENILHOE YHUCIIO OKa3bIBae€TCA OOJAKOM BHUPTYalbHBIX NPOM3BEACHUW — W CYIIECTBYIOT
«TIPOCTBIE» YHCNA, IS KOTOPHIX 00BbEM 3TOTr0 00JIaka MHHHMMAJIEH; 3TO CBOETO poja 0a3uc HaIlero
yHHBepcyMa. sl KaI0ro 4ucia MOXKHO ONKMCaTh ero BHYTPEHHEE CTPOEHHE Ha0OpOM «MHOXKECTB
ypoBH» Ln, comepKaux Bce pa3ioXKeHHs B TPOU3BEIeHIE N COMHOXUTENEH (He YIUTHIBAs €IUHHUILY,
KOTOpas 1Mo (GaKTy JIUIIb 3a1aeT SIUHHITY H3MEepeHUsl, PH3NUECKyI0 pa3MEepPHOCTh); Ha TIEPBOM YPOBHE,
OYEBHTHO OKa3bIBAET CAMO HCXOJHOE YHCIIO, a Y IPOCTHIX YUCEN ITOAYPOBHH OTCYTCTBYIOT. KonmuecTBo
3JIEMEHTOB («Mepy») MHOxecTBa X 0003HauuMm uepe3 w(X). OmpenenuM Teneps uroekc IEI0ro
noyiokuTensHoro uncia N kak:

Jlyis mpoCTOro YMciia MHACKC OYEBUIHO PAaBHSACTCS CIUHMIIC; JJI BCEX OCTAIBHBIX YMCEN OH OOJbIIE
eaununel. Hampumep, A(15) = 1.5, a A(12) = 3.5. Tlopsgok COMHOXKUTENEH UMEET 3HAYCHHE — HO
OJIMHAKOBBIC COMHOXHTEIH MbI 37€Ch HE pasiuuaeM (XOTS MOTYT ObITh M JIPYTHE OIPEICICHUs).
®dakTopHalbHEII BEC BBEICH M3 CYry0O MPaKTHUYCCKUX COOOpaKCHWIA: NI HAC Ba)KHEE BapHAHTHI,
KOT/Ia MCKOMBIM PE3yJIbTaT MOIy4YacTcs 3a MUHUMaIbHOE dnciio maroB. C OJHON CTOPOHBI, HHICKC
XapaKTEPHU3yeT HEPAPXUITHOCTD IIEJIOTO YHCIIa — a C APYTOH, 3TO TIOKA3aTeNh IPOTyKTUBHOCTI: YEM
BBIIIIE WH/IEKC, TeM OOJbIIe CITOCOOOB YMCIO M3TOTOBHUTH HAa MPAKTHKE. 3Has pa3lio’KeHHe YHcia Ha
MIPOCTBIE MHOXKUTEIH, JIETKO BBIYMCIATH €ro MHAEKC — HO BBIPAKEHHE HE U3 CaMBIX TPUBUAIBHBIX.
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HOBTOMy B TCOPUM HMHIACKCOB IECJIBIX ITOJIOXUTCIbHBIX YHCCJI BO3HUKAIOT 3(1)(1)6KTLI, AHAJIOTUYHbIC
KBaHTOBOW MHTEp(EpeHINH, TICPEIy THIBAHUIO Pa3HBIX BHYTPEHHUX MPEICTABICHHH.

Kaku B AAJIATUBHOM IIPUMEPE, BO3MOYKHO BBEACHUC BUPTYAJIbHO OTPULATCIIBHBIX LICJIbIX YUCCII,
KOTOpBIC MOXKHO CUHMTATh MPOM3BEICHUEM IOJOXKUTEIBHOrO 4yKcia Ha (—1) — momoOHO TOMy, Kak
TTOJIOKUTENTLHBIE YHCIIa TIPEAITONIaraoT o0mui («pa3MepHBIi») MHOXKHUTENb 1; B cocTaBe (HhHU3MICCKH
HaOMFOTaeMbIX (MOJIOXKHUTENLHBIX) YUCEN TOrjaa OYAyT MPHCYTCTBOBATh JIMIIb ICTIOYKUA C YCTHBIM
YHCIIOM OTPHIATEIbHBIX COMHOXHTENEeH — WM WHaue: OTPUIATE]bHBIC Pa3MEpHOCTH B TPUPOJIE
POXKMAIOTCA TOJNBKO Mmapamu (Kak TMoitoca Maraurta). [lo 3ToMy mOBOAY CylIecTByeT BechMa
coJiepKaTeNlbHAs MaTeMaTHKa — a TEOPHS HHJEKCOB MMEET HETPUBHAILHBIC 0000IICHHUS.

[epexo kK pacCMOTPEHUIO LENBIX YUCEN JIF000T0 3HaKa COXPAHSET BCIO ATY CIOXHOCTh — HO B
HOBOW TEOPUH OHA OTXOJHUT Ha BTOPOW IJIaH, MO0 CPABHEHHIO C 00IIEeH anreOpandecKoi CTPYKTypoii, B
KOTOPOM Mpernonaraercsi, 4To OTpULATEIbHBIC YKcTa «Ha0M0JaeMbl» caMu 1o cede (To ecTh, MOXKHO
UX MPEACTAaBUTHL COOTBECTCTBYIOIIUMU BeHlaMI/I).

AHaJIOI‘I/I‘lHO, B TCOpHMU BCHICCTBCHHBLIX YUCCIT IIPpHU J'IIO6I>IX BBIYUCJICHHUAX (((1)H3PI‘I€CKI/IM>>

CUUTAETCId MMEHHO BEIECTBCHHOE 3HAYCHUE — U BBEICHUE MHUMOMN €IUHULBL | = \/—71 €CTh SBHBIN
BBIXO U3 O6HaCTI/I OMpEACJICHNUA KBAJAPAaTHOI'O0 KOPHA, OAHAKO BBLIPAXCHUA B KOMINICKCHBIX 4YHCJIaX
BIIOJIHE JOIIYCTUMBI KaK BUPTYAJbHBIC ITYTHU, €CJIIM B KOHCYHOM HUTOI'C MbI BCC paBHO ITOJIYYHUM HEYTO
BCIICCTBCHHOC. 3]1601) aHaJIOrus C KBAaHTOBOH BUPTYAJIbHOCTBIO €IIC HATJIAAHCE: K OATHOMY U TOMY KC
BEHICCTBEHHOMY 4YHCIIy MOXHO IIPUXOJUTH II0 Pa3HBIM TPACKTOPUAM B KOMILIEKCHON IINIOCKOCTH, H
Ka)XI0€ BEIISCTBEHHOE YHCIIO TIPEICTABIIICTCS NEPApXUEH KOMIUTIEKCHBIX ITyTeH (IIUKIIOB, TIETEIh), IS
KOTOPOM TOKE€ BO3MOXHO ONPENENUTh UHACKCHl — W Pa3BUTh COJAEPKATEIbHYID MaTeMaTHYECKYIO
teopwuto. [Ipu HamaMyM cBsA3€i, TOMOJIOTHS IPEAMETHOM 001aCTH MOKET OBITh YCIIOKHATHCS, M He (aKT,
YTO JJIS BCAKOTO YMCIIAa HaWEeTCsl KaKOH-HUOY b MUK (XOTs ObI M HYJIEBOH AJMWHBI). BUpTyanbHOCTH
MHHUMOH CAWHULIBI B paMKax BeHleCTBeHHOﬁ TCOPHUU — TOXKC CBA3b, OI'PAHUYCHHUC HA MHOXCCTBO
A0y CTUMBIX HYTef/'I. C )_'[py1“0f/’l CTOPOHBI, TakKasd TCOpHUA MOKET pACCMATPUBATL AJIBTCPHATUBHBIC
TOMOJIOTUU KOMILIEKCHOI MJIOCKOCTH, HE MpEAnojararomue TpaauliuOHHbIX onepaunﬁ CJIOXKCHUSA U
ymHOXkeHHs. Ho eciu Mbl coOupaeMcs nepeiTH K MaTeMaTHKe KOMIUIEKCHBIX YHCeNl KaK TaKOBBIX —
npaBuiia padOThl ¢ HUMH NPUIETCS SIBHO 33/1aTh, BBIOMpAasi OHY U3 BO3MOXHBIX (HECBOIUMBIX JIPYT K
JPYTY) CTPYKTYP.

EHIC OIVH IPUMEP — OTPULATCIBHBIC W KOMIUICKCHBIC MHOXECTBA B TCOPHUHU, TAC KaKIOC
MHOXXECTBO aCCOIMMMPOBAHO C BUPTYAJIbHBIMHU ITYTAMHA €TI0 IIOCTPOCHUA U3 APYTHUX.

Touno Tak K€, BO3MOXXHBI HETPAAUIHNOHHBIC JIOTUKH, B KOTOPBIX KJIACCUYCCKHUE OICHKHU
HNCTUHHOCTHU MOJY4YarOTCA B pE3YyJIbTATC HEKIIACCUICCKUX paccymz[eHI/H?I.

B 06H_16M cily4ac, B 000N 00JIacTH MAaTEMATUKM BO3MOKHBI KaK KIIACCHUYECKHE TCOpUH,
pa60TanmHe TOJIBKO C 06’beKTaMI/I, OmnmpeACINMBbIMA B paMKax STOH TCOPUH, — TaK U KKBAHTOBBIC»
pacinpeHus, YUYUTHIBAOINE PA3HBIC CHOCO6LI BUPTYyaJIU3aluu.

Ooexabpv 1982
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